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Abstract 

We show that every Weyl module for a current algebra has a filtration 
whose successive quotients are isomorphic to Demazure modules, and that 
the path model for a tensor product of level zero fundamental representa- 
tions is isomorphic to a disjoint union of Demazure crystals. Moreover, we 
show that the Demazure modules appearing in these two objects coincide 
exactly. Though these results have been previously known in the simply 
laced case, they are new in the non-simply laced case. 

1 Introduction 

In this article, we study finite-dimensional representations of a current algebra, 
crystals for a quantum affine algebra, and connections between them. First, we 
begin with an introduction of the results concerning finite-dimensional repre- 
sentations of a current algebra. Let g be a complex simple Lie algebra. The 
study of representations of its current algebra Cq = g (g) C[t], together with that 
of the loop algebra q (8) C[t,t~^], has been the subjects of many articles. For 
example, see[Il|3lll[5lllZlia|10]. 

Among finite-dimensional Cg-modules, Weyl modules are especially impor- 
tant. The notion of a Weyl module was originally introduced in ^ for a loop 
algebra as a module having some universal property, and defined similarly for a 
current algebra in [i]. We denote by W{X) the Weyl module for Cg associated 
with A G P+, where P+ is the set of dominant integral weights of g. W{X) has a 
natural Z-grading. In order to study its Z-graded structure, we consider W{X) 
as a CQd{= Cg © Cci)-module in this article, where d is the degree operator. 

There is another important class of finite-dimensional Cg^-modules called 
Demazure modules. Let b be a Borel subalgebra of g, and b = b + CK + Cd + 
g (g) tC[t] the Borel subalgebra of the affine Lie algebra g, where K is the canon- 
ical central element. A Demazure module is, by definition, a b-submodule of 
an irreducible highest weight g-module generated by an extremal weight vec- 
tor. Among Demazure modules, we are mainly interested in Cg^-stable ones, 
which are denoted by 'D{£,X)[m] for £ £ Z>o, A G P+, and m e Z (for precise 
definitions, see Subsection 13. 2p . 

When g is simply laced, the Weyl module W{X) is known to be isomorphic 
to the Demazure module A)[0]. This result was proved for g = s[„ in [3], 
and for general simply-laced g in jlOj. From this result, we can obtain a lot 
of informations about the structure of Weyl modules in the simply laced case. 
Then it is natural to ask what happens in the non-simply laced case. As stated 
in [TU], a similar result does not hold any longer in this case. 
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One of the aims in this article is to generalize the above result in the non- 
simp ly laced case. To state our result, we prepare some notation. Assume that 
is non-simply laced, fix a Cartan subalgebra t] of g, and let A G f)* be the root 
system of g. We denote by A'*'' the root subsystem of A generated by short 
simple roots, and by the simple Lie subalgebra corresponding to A'''^. Put 

^ p Qsh^ ^jjicjj ig a Cartan subalgebra of g""^, and Cgf = g^^ «) C[t] © Cd. 
Denote by P+ C (Ij^^)* the set of dominant integral weights of g^^, and by 
'D^^{i,i')[m] {£ e Z>o, 1^ G P+, m G Z) Demazure modules for Cgd- We define 
a positive integer r by 

{2 if g is of type B„, Cn or F4, 
3 if g is of type 6*2. 

For A G P+, denote by A G P+ the image of A under the canonical projection 
()* ^ By the Joseph's result in [TH],_I>*(1, A)[0] has a Cg^'^-module 

filtration = Dq C Di C ■ ■ ■ C Dk = ©''^(l, A)[0] such that each subquotient 
Di/Di-i is isomorphic to 'D^^{r, i/i)[mi] for some i^i G P+ and nii G Z>o. Define 
a linear map ish- {i}^^)* t)* by a|f|Sh 1-^ a for a G A^*^, and put A' = A — ish(A), 
fJ-i = *sh('^i) + ^' for each 1 < i < k. Then the following theorem is proved 
(Theorem [531 : 

Theorem A. The Weyl module W{X) has a Cgd-module filtration — Wq C 
Wi C • ■ • C Wk = W{\) such that each subquotient Wi/Wi-i is isomorphic to 
the Demazure module T){1, fj,i)[mi\. 

When a Weyl module is isomorphic to a Demazure module, the successive 
quotient of a trivial filtration is of course isomorphic to a Demazure module. 
Hence this is a kind of generalization of the result in the simply laced case. 

It should be remarked that, although the statement of Theorem A is purely 
that concerning modules of a current algebra, we need some results on crystals to 
prove this theorem. To be more precise, though we can show without using any 
crystal theory that the Weyl module has a filtration such that each successive 
quotient is a homomorphic image of the Demazure module, we need to apply 
some results on crystals to verify that they are in fact isomorphic. 

Some corollaries concerning Weyl modules for non-simply laced g are ob- 
tained from Theorem A, which have already been proved in the simply laced 
case (for g = s[„ in [i], and for general simply laced g in [lU]). First, the 
following corollary is obtained (Corollary [93] (i)): 

Corollary A. Let A = K'^i G P+, where vji denote the fundamental weights 
of g. Then we have 

dimly (A) = J|dimiy(n7,)^\ 

i 

By the same way as [4] or [10] , the dimension conjecture of Weyl modules for 
a loop algebra, which was conjectured (and proved for g = 5(2) in [6], is deduced 
from Corollary A. It should be remarked that the dimension conjecture for 
general g also can be proved using the global basis theory. (This was pointed 
out by Hiraku Nakajima. The proof is not written in any literature, but a brief 
sketch of this proof can be found in the introduction of [lO].) Our approach is 
quite different from this proof. 

The second corollary is as follows (Corollarv 19.51 fii)): 
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Corollary B. Let A G P-|_, and Ai, . . . , G P+ a sequence of elements satisfy- 
ing A = Ai + • ■ • + A^. For arbitrary pairwise distinct complex numbers Ci, . . . ,ci, 
we have 

W^(A)^VK(Ai),, *---*W^(A,)e,, 

where * denotes the fusion product introduced in [8] , and ci , . . . , q are parame- 
ters used to define the fusion product. 

Note that this corollary implies that the fusion product of Weyl modules is 
associative and independent of the parameters ci, . . . , . This statement was 
conjectured in [5] for more general modules for Cg. 

Next, we introduce our results on crystals. Let Uq(g) be the quantum afhne 
algebra associated with g, and t/^(0) the one without the degree operator. Crys- 
tals we mainly study in this article are realized by path models, which were 
originally introduced by Littelmann [251 [26] . Let P denote the weight lattice 
of Q. A path with weight in P is, by definition, a piecewise linear, continuous 
map tt: [0, 1] M ®z P such that 7r(0) = and 7r(l) G P. Let P denote the 
set of paths with weight in P, which has a J7g (0)-crystal structure [251 US]- Let 
A G P be a level zero weight that is dominant integral for g, and Bo(A) the con- 
nected component of P containing the straight line path tt\: nxit) = tX. Put 
Pel = PfES where S is the indivisible null root. By projecting Bo(A) to KOzPci, 
a finite J7^(0)-crystal B(A)ci is obtained, and Naito and Sagaki verified in ^30n3T] 
that this B(A)ci is isomorphic to the tensor product of the crystal bases of level 
zero fundamental J7^(g)-representations introduced by Kashiwara in ^5]. Note 

that elements of B(A)ci have only Pd-weights by definition. In this article, we 
define P- weights on these elements using the degree function introduced in [33j . 
These P-weights are important for stating our theorem stated below. 

Demazure modules have counterparts in the crystal theory. Let Vq (A) be the 
irreducible highest weight J7g(0)-module of highest weight A and B{A) its crystal 
basis. Similarly as the classical quantized version of a Demazure module 

is defined as a submodule of Vq{A). For each Demazure module, Kashiwara 
defined in [20] a subset of B{A) called a Demazure crystal, and proved that there 
exist strong connections between a Demazure module and the corresponding 
Demazure crystal (for example, the character of a Demazure module coincides 
with the weight sum of the Demazure crystal). We denote by B{£,X)[m] the 
Demazure crystal corresponding to (the quantized version of) I?(^, A)[m]. 

Now let us state our second main theorem fTheorem l9.4p . Assume that g is 
non-simply laced, and let /i^ G P+ and rui G Z>o (1 < i < fc) be the elements 
defined just above Theorem A. We denote by b\ the highest weight element of 
B{A), and by Aq the fundamental weight of g associated with the additional 
node of the extended Dynkin diagram of g: 

Theorem B. ;B(Ao) (E) B(A)ci is isomorphic as a Ulj(g)- crystal to the direct 
sum of crystal bases of irreducible highest weight Uq(Q) -modules. Moreover, the 
restriction of the given isomorphism on 6ao ® B(A)ci preserves the P-weights, 
and maps b^o (XiB(A)ci onto IJi<i<fc '^(1; mOI^^j] • 

Note that this theorem is a generalization of the following statement proved 
in [To]: if g is simply-laced, the crystal graph of b\„ (g)B(A)ci coincides with the 
graph of B{\. A)[0]. We remark that, similarly as Theorem A, we need not only 
results on crystals but also some results on Weyl modules to show Theorem B. 
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In order to prove Theorem B, we show the following proposition in advance 
(Corollarv l6.8l and Proposition 17. 6p : 

Proposition. Let A be an arbitrary dominant integral weight o/g. 

(i) ;B(A) (>5Bo(A) is isomorphic as a Uq(Q)-crystal to a direct sum of the crystal 
bases of irreducible highest weight Uq(^) -modules. 

(ii) The isomorphism given in (i) maps the subset 6a CS)Bo(A) onto a disjoint 
union of some Demazure crystals. 

Since it is known that, at least in some cases, Bo(A) is related to the crystal 
basis of some level zero extremal weight C/5(g)-module ([SlISl]), this proposition 
itself seems important and interesting. 

As seen from Theorem A and B, the Weyl module Ty(A) and the crystal 
B(A)ci have some connections. In particular, the following theorem is proved 
(Theorem [921): 

Theorem C. For A G P+, we have 

ch^,M/(A)= ^ e(wtp(r;)). 

r,eB(A),i 

From our theorems, some connections are found between a Weyl module 
and polynomials defined in the crystal theory. Let Wq{vji) denote the level- 
zero fundamental f7^(0)-representation and BiyVq{wi)) its crystal basis. Let 
i = (zi, . . . , ii) be a sequence of indices of simple roots of g, and put 

Wi = Wq{uj,,) ® • ■ • ® Wq{m,,), Bi = B{Wq{w^,)) ® ■ • ■ B{Wq{vD,j). 

For each fi £ P+, the fermionic form M{Wi, fi,q) and the classically restricted 
one-dimensional sum X{Bi,fi,q) are defined as [T31[T3]. Using the results of Di 
Francesco and Kedem in [J, Naito and Sagaki in [33] and ours, the following 
corollary is shown (Corollary 19. 6p , which implies a special case of the X — M 
conjecture presented in [TH [T^ : 

Corollary C. We have 

M{W,,y.,q)^q-''^'''x{B,,li,q) 

= [w{\)■.v,{^i)]q-^, 

where denotes a certain constant defined in [33 , V^g(/i) denotes the irre- 

ducible Q-module of highest weight ji and [W^(A) : l^(At)]q denotes the Z-graded 
multiplicity o/Vg(^) in W{X). 

In [3], the authors proved that the Z-graded multiplicity of W{X) is equal 
to a Kostka polynomial when g = s[„. Since fermionic forms and classically 
restricted one-dimensional sums are known to coincide with Kostka polynomials 
in this case, the above corollary is a generalization of their result. 

The plan of this article is as follows. In Section 2, we fix basic notation 
used in the article. In Section 3, we review some results on finite-dimensional 
representations of a current algebra, almost of which have already been known. 
Section 4 is the main part in the first half of this article. We give defining 
relations of a Demazure module of level 1, and show using this defining relations 



4 



the existence of a filtration on a Weyl module whose successive quotients are 
homomorphic images of Demazure modules. 

In Section 5, we review the theory of path models. In Section 6, we show that 
S(A) ® Bo(A) is isomorphic to a direct sum of the crystal bases of highest weight 
modules, and in Section 7 that the image of 6a <8)]Bo(A) under this isomorphism 
is a disjoint union of Demazure crystals. In the final part of Section 7, we also 
show that B{A) (g)B(A)ci has similar properties. From this, we see in particular 
that 6ao <8)B(A)c1 decomposes to a disjoint union of some Demazure crystals. In 
Section 8, we study this decomposition of 6ao <8' B(A)ci in more detail. 

Finally in Section 9, we show the Theorem A, B and C, and Corollary A, B 
and C. 

Index of notation 

We provide for the reader's convenience a brief index of the notation which 
is used repeatedly in this paper: 

Section 2: g, f), b. A, A±, 11, ai, I, 6, hta, , 0a, ^a, /aj^e,-^ /i> "^J^A ^ ^. 

Q, Q+, tu,, P, P+, W, Sa, Si, Wo, r, Fg(A), g, K, d, tj, n+, b. A, 6, 11, /, A^, P, 

P+, Cfl, Cfld, t}d. ff*". A^h^ ^sh^ Qsh^ Qsh^ ^rsh^ (^Sh^ gSh^ ^sh^ |sh^ ^gSh^ 

Cdf, i}f, A, ish, P, P+, US), KiQ), Ugig^'^), M^, wtn, chn , Ps- 

Subsection 3.1: W{X). 

Subsection 3.2: V(A), T4,(A), D(£,A)[m], V{e,X). 
Subsection 3.3: * ■ ■ ■ * W^^. 
Subsection 4.1: M^. 

Subsection 4.3: Kj(A), ^^.^(A), r<, (M : D(^,A)[m]). 
Subsection 4.4: V'''^{£,v)[m], < on 

Subsection 5.1: [a, b], P, {p,a), , , Pint, ei, fi, 0, wt, Si, (pi, Si, S^, 7ri*7r2, 
Bi *B2. 

Subsection 5.2: C{b), ttx, Bo(A), B{A), 6a, -Pci, cl, Pci, cl(7r), B(A)ci, Wg{wi), 
BiWgiwi)). 

Subsection 5.3: /.(vr), (,(r/), d\, id, tt^, Deg(r/), wtp. 

Subsection 6.1: Wj. 

Subsection 6.2: Bo(A)^. 

Subsection 7.1: J^i{C), Ti{C), By,{K). 

Subsection 7.2: /a. 

Subsection 7.3: B(A)^i. 

Subsection 8.1: A)[m], k. 

Subsection 8.2: 6»^'^, af, sf, W^"^, P^, P'^, W^^, Pf^^, ef , /f , ilf mf 

2 Notation and elementary lemmas 

Let be a complex simple Lie algebra. Fix a Cartan subalgebra t) and a Borel 
subalgebra b 3 () of g. Let A C f)* denote the root system of g, and A+ (resp. 
A_) the set of positive roots (resp. negative roots) corresponding to b. Denote 
by n = {ai, . . . , a„} the set of simple roots and by J = {1, . . . , n} its index set. 
Let 9 be the highest root of A. For a = J2i ^iai £ A, we define the height of 
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a by hta = ^Zj^ii ^^'^ denote the coroot of a hy G f). Let Q = Zaj 
be the root lattice of Q and Q+ = J2i ^>oai Q Q- We denote by Wi the 
fundamental weight corresponding to at . Let P — ^ - Zwi be the weight lattice 
of g, Rf = Tj^QWi C P the subset of dominant integral weights, and W the 
Weyl group of g. For a € A+ we denote by Sa & W the reflection associated 
with a, and abbreviate s, = s^^ . We denote by wo the longest element of W. 
Denote the root space associated with a G A by , and set 

n± = 0a- 

aeA± 

For each a G A+ we fix G Qa and G fl-a snch that [ca, fa] — ct^ , and 
abbreviate Cj = , fi = fai ■ Let ( , ) be the unique non-degenerate invariant 
symmetric bilinear form on q normalized by {6'^,0^) = 2, and !/:()—)•()* the 
linear isomorphism defined by the restriction of ( , ) to []. Wo define a bilinear 
form on f)* by which is also denoted by ( , ). Note that we 

have {6, 6) = 2. In this article, we say a G A is a long root if (a, a) = {6, 0){= 2), 
and a short root otherwise. Note that all roots arc long if g is simply laced. 

When 2 is non-simply laced, by r we denote the number 2 • (square length 
of a short root)~^, and put r = 1 when g is simply laced. Then we have 

1 if is simply laced, 

2 if fl isof type B„,C„,F4, (2.1) 

3 if is of type G2- 

For A G P+ , we denote by Vq (A) the irreducible g-module of highest weight 
A. The following lemma is well-known: 

Lemma 2.1. Let v G Vg(A) be a highest weight vector. Then Vg{X) is generated 
by V with the defining relations: 

n+.v = 0, h.v = (A, h)v, f^^'"'''^\v = 
for /i G f) and i G I. 

Let g be the non-twisted afRne Lie algebra corresponding to the extended 
Dynkin diagram of g: 

5 = fl (g) C[t, t~^] © CAT © Cd, 

where K denotes the canonical central element and d is the degree operator. 
The Lie bracket of g is given by 

[x (g> f^+aiK + bid, yi^t"- + a^K + 62^] 

= [x, y] (g) + nbiy (g) t" - mb2x (^jf^ + mS^ -nix, y)K. 

We naturally consider g as a Lie subalgebra of g. The Lie subalgebras f), n+ 
and b of g arc defined as follows: 

f = () © C/s: © Cd, n+ = n®g®t<C[t\, b = i)®n+. 

Denote by A the root system of g. Considering A naturally as a subset of A, 
we have A = {a -|- s(5 | a G A, s G Z} U {s(5 | s G Z \ {0}}, where (5 G f * is a 
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unique element satisfying {5, f) + CK) = 0, {S,d) = 1. The set of simple roots 
of A are denoted by II = {ao, ai, . . . , an} where qq = 5 — 9. We denote by 
/ = {0, 1, . . . , n} its index set. 

Let Ao, . . . , A„ C ()* be the fundamental weights of g, P = Y^^^j-'^Ki + 2,5 
the weight lattice, and P+ = ^^gjZ>oAi + Z(5 C P the subset of dominant 
integral weights. For A G P, the level of A is defined by the integer (A, K). Let 
W be the Weyl group of 5 with simple reflections Sj (i 6 /). We see W naturally 
as a subgroup of W. We denote the Bruhat order on by <. 

Define Lie subalgebras of 5 by 

Cfl = c[t] c Q, Cfld = Cfl e Crf c 0. 

We write ()d = f)©C(iC(^. We usually consider (^* and f^^ as subspaces of (^* 
canonically. Note that under this identification tuj is an element of f)* satisfying 

{w^, a]) = for j e /, CK © Cd) = 0, 

and P is a subgroup of P. 

In this article, we need to consider the subset of 11 consisting of short simple 
roots: 

n'''' = G n I Q!i is short}. 

Note that II''^ = if is simply laced. Let P'^ = {i e I \ ai € W^} be its index 
set, and 

A"'' = An ^ Zofi, Af=A'^nA±. 

Set 

Q^^ = Zai, = J2 ^>oai, and W'^ = {si\i€ P^) C W. 

Later we need the following elementary lemma: 

Lemma 2.2. If a GA+\Af and w e W^, then waeA+\ Af holds. 

Proof. It suffices to show the assertion for w = for fc G P^. If we write 
a = J^iei^i'^i' there exists some j e I \ P^ such that nj > 0. Since the 
coefficient of Ska = a — {a, a^)ak on aj is rij > 0, the assertion holds. □ 

Put f}^'^ = ®je/=h CaV c f), and denote the simple Lie subalgebra corre- 
sponding to A^"^ by ff'^: 

Let = 0„gA!f 0«- Note that the type of q^^ is as follows: 

' {0} if g is simply laced, 

^ Ai if g is of type S„, G2, 

A2 if Q is of type F4, 

^An-i if fl is of type C„. 
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Let ff^^ be the non-twisted affine Lie algebra corresponding to the extended 
Dynkin diagram of ff^^ (if Q is simply laced, set 5'''^ = CK © Cd). We consider 
5®*^ naturally as a Lie subalgebra of q. We denote 



and = (1"'^ © CJsT © Cd, t)f = f)"'^ © Cd. 

Throughout this article, we denote by A the image of A G [)* under the 
canonical projection f)* ->■ (f)^^) . Let igh denote the splitting (f)^^) ->■ f)* 
defined by 

ish(ai) = aj for i e P^, ish(Ao) = Aq, ish(S) = S. 

We write 

P = {X\XgP}= J2 ^^i' ^+ = Z>o^i. 

Wc denote by Uq(Q) the quantum affine algebra associated with q over C(g), 
and by [/^(g) the quantum afiine algebra without the degree operator. Let 
Uqid^^) and Ug{Q^^) denote the ones associated with g^^. 

Let H be one of the vector spaces i), l)d, i), h^^, i)^]^ and l)^^. For an if-module 
M and A S H*, we denote the weight space of weight A by 

Mx = {v€M\h.v= (A, h)v for h € H}, 

and if M = Qx^h' -^^ -ff-weight module. We denote the set 

of iJ- weights by wtff(M) = {X £ H* | ^ 0}. If M is a finite-dimensional 
i?-weight module, we define its character by 

chHM= ^ (dimMA)e(A), 

where e(A) are basis of the group algebra C[if*] with multiplication defined by 
e{X)e{fi) = e{X + /i). For a subset S C H*, we denote by Pg the linear map 
C[H*] C[H*] defined by 



^s(e(A)) 



e(A) if A e 5, 
if A ^ 5. 



The map i^h - {^^^)* — > f)* induces naturally a linear map C[(f)*'^)*] ->■ C[f)*], 
which is also denoted by ish- The following lemma is used later: 

Lemma 2.3. Let A S f)*. Assume that M is a t)-weight CQ-module generated 
by V G M\ and v is annihilated fey n+ (g) C[t] © f) (8> tC[t]. Then the subspace 
W = U{Cq^^).v satisfies 

P^_Q.^ ch^ M = ch^ = e(A - ish(A))ishch^sh W. (2.2) 

Proof. Put n'_ = Z^agA-VA^h 0a- Then we have n_ = n!^ ® n'_, and 

M = U{n-(giC[t]).v 

= U{n'^ (S) C[t]).v + C/(n^ » C[t])U{n'_ C[t])+.v 
= W + U{n^} (g) C[t])U{n'_ (g C[t])+.v, 
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where U{n'_ (g) C[t])+ is the augmentation ideaL It is obvious that wt|,(W^) C 
X-Qf, and 

wtf, ([/(nl'' ® C[i])C/(n'_ C[t]) + .w) n (A - QJ) = 0. 

Hence the first equality of (|2.2p holds. The second equality follows from the 
following fact which is easily checked: if /i e A — Q^^, then we have 

/X = A - Zsh(A - /u) = ish(M) + (A - ish(A)). 

□ 

3 Weyl modules, Demazure modules and fusion 
product 

3.1 Weyl modules 

In this article, we study the following Cfld-module: 

Definition 3.1. For A G P+, the Cgd-module W{\) is defined by the module 
generated by an element v with the relations: 

n+ (g) C[t].w = 0, h^f'.v = 6so{X,h)v for h ei},s eZ>o, d.v = 0, (3.1) 

and 

We call W{\) the Weyl module for CqcL associated with A G P+. 

Remark 3.2. It is easily seen that W{\) is also cyclic as a Cg-module and the 
defining relations of W{\) as a Cg-module are the ones in the above definition 
with the relation d.v — removed. Hence the restriction of W{X) to Cg is the 
Weyl module for Cg introduced in [IJ [TU] . 

Theorem 3.3 ([4, Theorem 1.2.2]). For every A G P+, the Weyl module W{\) 
is finite-dimensional. Moreover, every finite- dimensional C^d-i^odule generated 
by an element v satisfying the relations in p.l[l is a quotient ofW{X). 

3.2 Demazure modules 

We denote by V^(A) the irreducible highest weight g-module of highest weight 
A G P+. Recall that for any w W we have dimF(A)n,A = 1. 

Definition 3.4. For w G W, the b-module 

VU^) = U(b).V{A)^A = U{n+).V{A)^A 

is called the Demazure suhmodule of V{h) associated with w. 

Remark 3.5. Note that T4,(A) = \4,'(A) if wk = w' k. 
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In this article, we are mainly interested in the Demazure modules which are 
g-stable. Since fi.V{A)wA = holds if and only if (wA, a^) < 0, we see that 
Ko(A) is g-stable if and only if {wK^ol() < for all i € I, which is equivalent 
to that wA e —P+ + (Aq + Z(5 where £ is the level of A. For the notational 
convenience, we use the following alternative notation: let A £ P+, £ € Z>o and 
TO S Z. There exists a unique A € P+ such that wqA + IAq + m5 G WK. For an 
element w such that wK — wqA + ^Aq + to(5, we write 

V{£,\)[m]^V^{K), 

which is a Cqcl © Cif-module as stated above. We usually consider only the 
Cfld-module structure of V{£,\)\m]. For every A e P+ and to e Z, we have 
y(A) ^ V{K + m5) as (g) C[i,t"^] © CivT-modules. Therefore the Cg-module 
structure of 2?(£, A)[to] is independent of to, and we denote this isomorphism 
class of Cg- modules simply by ©(f. A). 

^{l, A) and V{1, A) [to] have descriptions in terms of generators and relations: 

Proposition 3.6. (i) A) is isomorphic as a CQ-module to the cyclic module 
generated by an element v with relations: 

n+ (g) C[t].v ^0, h(g> t'.v = Sso{X, h)v forh€^,s€ Z>o, (3.2) 

and for 7 G A+ and s G Z>o, 

I max|(J, (A,7 ) — r£s| 1/7 is short, 
where r is the number defined in (j2.ip . 

(ii) 'D(£, X)[m] is isomorphic as a CQd-module to the cyclic module generated by 
an element v with relations (|3.2p . (I3.3p and d.v = mv. 

Proof. The assertion (ii) easily follows from (i) . The assertion (i) can be proved 
by the same way as the proof of [TU', Corollary 1] using 

-{\ + £Ao + m5,{--/ + s5y) = (A + Mo + to(5,7^ - j^K) 

(7,7) 

= (A,7") 



(7,7)' 

□ 

The following theorem is a reformulation of 10, Theorem 7] for our setting: 

Theorem 3.7. Assume that g is simply laced. Then the Weyl module W{X) is 
isomorphic to P(1,A)[0] as a CQd-module. 

Proof Note that the notation "D(£,A^)" in [10] coincides with V{£,£v{X^)) in 
our notation. Since — A holds in the simply laced case, |10j Theorem 

7] says that W{X) X>(1,A) as Cg-modules. Then W{X) ^ I?(1,A)[0] as C^- 
modules easily follows. □ 

Later, we need the following lemma: 
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Lemma 3.8. Assume that q is of type An. Then for every £ G Z>o and i ^ I, 

V{£,-cUi) is isomorphic to Vg{'CUi) as a Q-module. 

Proof. Although this lemma can be shown directly from the definition, we shall 
prove this using ProDOsition l3.6l Since g is of type A„, we have (-07^, 7^) = or 1 
for all 7 G A_|_. From this and Proposition 13.61 the generator v G V^t^Wi) 
satisfies ® t<C[t].v = for all 7 G A+, which implies 

V{i,vj,) ^U{<Zq).v ^U{q).v. 

Since v satisfies the defining relations of V^g(tA7i) in Lemma [2.11 'V{t,Wi) is a 
g-module quotient of V^{vOi). Since 'D{i,Wi) is non-trivial, the assertion is 
proved. □ 



3.3 Fusion product 

We recall the definition of fusion products of Cg-modules introduced in [S] and 
some facts on them. Let W he a. Cg-module. For a G C, we define a Cg- 
module Wa by the puUback (fiaW, where (pa is an automorphism of Cg defined 
by a; ® t'' M- a; (t + ay. U{Cg) has a natural grading defined by 

G'{U{Cg)) ^{Xe U{Cg) \ [d,X] = sX}, 

from which we define a natural filtration on U{Cg) by 

F^(C/(C0))=0GP(t/(C0)). 

Let now be a cyclic Cg-module with a cyclic vector w. Let Wg be the 
subspace F^(^U{Cg)).w of W for s > —1 (note that W-i = {0}), and denote the 
associated Cg-module by gr(M^): 

gr{W)^^Ws/Ws-i. 

s>0 

Now we recall the definition of fusion products. Let , . . . jW'' be Z- 
graded cyclic finite-dimensional Cg-modules with cyclic vectors wi, . . . ,Wk, and 
ci, . . . , Cfe pairwise distinct complex numbers. As shown in 18^, W^^ (23 • ■ • ® W^^ 
is a cychc J7(Cg)-module generated by wi ® • ■ • (g) Wfe. 

Definition 3.9 (0). The Cg-module 

W^c\ * • • • * W^cl = gr(l^e\ ® • • • ® W^cl ) 
is called the fusion product. 

Remark 3.10. Put X = W^^ (g) • • • ® W^^ . By letting d act on Xg/Xg^i by a 
scalar s, we sometimes regard W^^ * • ■ • * W^^ as a Cg^-module. 

Lemma 3.11. (i) 

ch„ * • • ■ * W^^ = Yl chi, W\ 

l<i<k 

(ii) Let Xi, . . . ,Xk G P+ and X = Xi + ■ ■ ■ + Xk . Then there exists a surjective 
Cgd-module homomorphism from W{X) to Xi)ci * • • • * T>{1, '^kjck ■ 

(iii) // g is simply laced, the surjection in (ii) is an isomorphism. 
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Proof. Since W^^ * • • • * Wj^^ is isomorphic to (8) • • • (g) W'' as a g-module, 
the assertion (i) fohows. The assertion (ii) is proved by the same way as the 
proof of Lemma 5] . The assertion (iii) follows from Theorem 13.71 and [lUl 
Theorem 8]. □ 



4 Filtrations on Weyl modules 

4.1 Defining relations of Demazure modules 

The goal of this section is to show that a Weyl module admits a filtration whose 
successive quotients are homomorphic images of Demazure modules. To do this, 
however, the defining relations of Vli, A) given in Proposition l3. Gl are insufficient, 
and we need to reduce the relations in the case £ = 1. Thus, we devote this 
and the next subsections to prove the following refined version of the defining 
relations for A): 

Proposition 4.1. For A G P+, P(1,A) is isomorphic as a CQ-module to the 
cyclic module generated by an element v with the following relations: 
(Dl) n+(E)C[t].v = 0, 

(D2) h t'.v = 5sq{X, h)v for /i e [), s e Z>o, 
(D3) /f = /or i e /. 

(D4) (/^ ® t'')'"^'<^{0'<^'T'')-'-">+i.w = /or 7 e Af ,s e Z>o. 

This proposition obviously implies the following corollary: 

Corollary 4.2. For A e P+ and m G Z, P(l,A)[m] is isomorphic as a Cgd- 
module to the cyclic module generated by an element v with the relations (Dl)- 
(D4) and d.v = mv. 

If g is simply laced, the relations in Proposition 14.11 are just the defining 
relations of the Weyl module W{X) (see Remark 13. 2p . Hence in this case, the 
proposition follows from Theorem 13.71 From now until the end of the proof of 
the proposition, we assume that g is non-simply laced. 

We denote by the cyclic Cg-module generated by an element v with the 
relations (D1)-(D4). By Proposition 13. 6[ to prove the above proposition we 
need to show that v G M"^ satisfies for all 7 G A+ and s G Z>o that 

(A^n'^^.-^.^Owherefc,, (4.1) 

I maxjO, (A, 7 ) — rsj 11 7 is short. 



By separating the proof into several cases, we shall prove the equation (j4.1l) . 
First, the following case is elementary: 

Lemma 4.3. For 7 G A+ and s — 0, (14.11) follows. 

Proof By (D1)-(D3), U{q).v C is a g-module quotient of V^{X). Then the 
assertion follows from the representation theory of 5(2. □ 

The proof of the following case is similar to that of (TUl Theorem 7] . We give 
it for completeness: 



Lemma 4.4. If 'y is a long root, (j4.ip follows for all s ^ Z 
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Proof. Take a Lie subalgebra 

sl2,^ = Ce^ ® C-f"^ © C/^ C 

which is isomorphic to SI2. Let Csl2.-y = SI2.7 ® C[t], and N — U{Csl2.-y)-v. Note 
that V satisfies the relations 

which are the defining relations of the Weyl module W-y((A,7^}) for Csl2.j (see 
Remark 13. 2p . Here we identify the weight lattice of sl2,7 with Z. Therefore, 
is a quotient of this module. By Theorem 13.71 Wj({X,j^)) is isomorphic to 
the Demazure module Vj(l, {X,j^)) for Cs^.^. Hence v satisfies the defining 
relations of V-y^l, (A, 7^)) in ProDOsition l3.6l which contain the relations 

for all s E Z>o. The assertion is proved. □ 

Before starting the proof of remaining cases, we prepare an elementary 
lemma: 

Lemma 4.5. Assume that the rank of g is 2 with H = {a, 13}. Let N be a 
U {v.-) -module, and assume that an element v E N satisfies 

/^+\z; = 0, fl+\v^Q 

for some a,b E Z>o. Then for 7 G such that 7^ = nia^ + n2/3^, we have 

jnia+n^b+l^^ ^ 0. (4.2) 

Proof. Let Wa and zup denote the fundamental weights corresponding to a and 
/3 respectively, and /i = awa + bzufj. The following isomorphism as J7(n_)- 
modules is well-known: 

y,(M) = f/(n_)/t/(n_)(C/r^ +C4+'). 

Therefore, there exists a ?7(n_)-module homomorphism from Vj,(/i) to N which 
maps a highest weight vector to v. Since a highest weight vector of Vg{ii) satisfies 
the relation (14. 2p . so does v. □ 

It remains to prove that the equation (14. ip follows for short 7 G A+. In the 
rest of this subsection, we shall prove that this statement is true if g is of type 
Bn, Cn or F4, and G2 case is proved in the next subsection. Note that r = 2 if 
is of type B„, C„ or F4. 

Lemma 4.6. Assume that g is of type Bn,Cn or F4. If ^ E A_|_ \ A*^ is a 
short root, there exists a short root a E A_|_ and a long root j5 E A+ such that 
^ — a + (3. 

Proof. We prove the assertion by induction on ht 7. Put 
S" = {a e A+ I a ^ Af , a is short}. 
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and take arbitrary 7 G S*. Since 7 £ X^ie/ ^>oQ!i (7,7) > 0, there exists 
some i £ I such that (7,0^) > 0. Since 7 ^ ff'^ and 7 is short, we have 7 ^ 11 
and in particular 7 7^ 0;^. Then we have (7,0?^) = 1 since 7 is short, which 
implies 7 = Sj(7) + Note that 3^(7) is a short root. If ai is long, the 
assertion is proved. Assume that at G li^^. Then we have 5^(7) G S" by Lemma 
12.21 and by the induction hypothesis there exist short a G A+ and long (3 G A+ 
such that 3^(7) =« + /?. li a — ai then we have 7 = /? + 2a, which contradicts 
that 7 is short. Hence we have a ^ 0;^, which implies Si{a) G A+. Now the 
lemma is proved since we have 7 = Si{a) + Si{P). □ 

Now, the following proposition completes the proof of Proposition 14. II for g 
of type Bn,Cn or F4: 

Proposition 4.7. Assume that g is of type i?„,C„ or F4. Then (|4.ip follows 
for all short 7 G and s G Z>o. 

Proof. We have to show that 

We show this by induction on ht7. If ht7 = 1, this trivially follows from (D4) 
since 7 G Assume ht7 > 1. We may also assume that 7 ^ Aj. By Lemma 
14.61 there exist short a G A+ and long /3 G A_|_ such that 7 = a + /3. Put 
a = (A,aV), &= (A,/3^), and 

q ~ min{6, s}, p = s — q 

for given s G Z>o. We have from the induction hypothesis that 

and from Lemma 14.41 that 

ifp(g)t'i)''"i+\v = 0. (4.5) 

It is easily checked that the root subsystem (Za + Z^) n A is the root system 
of type B2 with basis {a,/3}. Hence the Lie subalgebra 

C/„ ^tP + Cfi3 ®t^+ C/^ «) tP+^ + C/2a+/j » C Cg 

is isomorphic to the nilradical of the Borel subalgebra of SO5. Since 7^ = 
+ 2^^, we have from Lemma 1131 (|4.4p and (|4.5I) that 

It is easily seen that this is equivalent to (j4.3p . and the proposition is proved. □ 



4.2 Proof of Proposition 14.11 for type G2 

In this subsection we assume g is of type G2 , and denote by a the short simple 
root and by (3 the long simple root. Note that 

A+ = {a, I3,a + I3,2a + /3, 3a + /3, 3a + 2/3}. 

Let -ctJc-nj^ be the corresponding fundamental weights. 

Since Lemma l4^ is already proved, in order to complete the proof of Propo- 
sition 23] for it suffices to show the equation (|4.1[) for 7 = a + /3, 2a + /3. The 
first one is easily proved: 
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Lemma 4.8. For 7 = a + /3 and s £ Z>o,, (14.11) follows. 

Proof. This proof is similar to the one given in Proposition 14.71 and we shall 
only give the sketch of it. Assume that A = a-oja + b^uDp with a, & G Z>o. Since 
(a + PY = + 3/3^, what we have to show is that v £ satisfies 

(/a+/3 i^)™^^{o.''+3''-3''}+i.w = 0. (4.6) 

Put q = min{&, s}, p = s — q for given s G Z>o. Since we have 

(/a tP)'"a'^{o.«-3p}+i.w = and {fp ® tif-'i+^.v = 0, 

it follows from Lemma 14.51 that 

{f^+p ® tP+9)max{0,a-3p}+3((>-«) + l^^ ^ 

which is equivalent to (j4.6p . □ 

It remains to prove (|4.ip for 7 = 2a + /3, which is a relatively troublesome 
task. Throughout the rest of this subsection, we abbreviate X as Xt'^ for 
X Q and maxjfci, ^2} as {^1,^2} to simplify the notation. 

For a, 6 G Z>o, we define a subspace /a, 6 of C/(C0) by 

h,b = n+C[i] + f)tC[t] + C(a^ - a) + C(/3^ -b) + J2 C{faf)^"^^-^'^+^ + Cf+\ 

s>0 

Note that U{CQ)Ia.b is the left ideal generated by the relations in Proposition 
14.11 with A = am a + bvjp. We shall prove the statement 

(/2a+^ii^)^''^''^+'''-'^^ + ' e U{CQ)Ia,b (4.7) 

for all a, 6 G Z>o and s G Z>o, which is equivalent to (j4.1l) with A = atUo, + 6737^ 
and 7 = 2a + /3. In the course of the proof, we use repeatedly the fact that 
X G U{Cq) annihilates v G if and only if X G t/(Cg)/a,6 without further 
comment. 

Before starting the proof of (|4.7p . let us prepare two lemmas: 
Lemma 4.9. For si,S2 G Z>o, u^e /lawe 

(/2a+^i''^+^^)'^"^""''^^+'^°^'"'^^ + ' e C/(C0)/a,,.. 

Proof. By Lemma 14.41 we have 

Then since 7^ = 2a^ + 3/3^ , we have from Lemma 14.51 that 

/ .2sl+S2^2{0,a-3sl}+3{0,h-S2} + l 

\l2a+p^ ) 

G C/(C0)(C(/„t^O^°'''"''^^ + ' +C(/^t^^)^"-'-^^> + l) C U{CQ)Ia.b. 

□ 
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Lemma 4.10. Let {e, h, /} be the Chevalley basis 0/5(2, a S Z>o and £ G Z>o. 
Define a Lie subalgebra a o/Csb = SI2 (8) C[i] 61/ 

a = etC[t] + hC[t] + fC[t], 
and let L be a subspace of U (a) defined by 

L = etC[t] + htC[t] + C{h-a)+J2 C(/t")^°'"-^''>+^ 

Then we have for all p G Z>o and s G Z>o i/iat 

gP(j^.){o,a-fc}+i ^ ;7(a)/ + [/(Cs[2)e. 

Proof. By applying an involution of Cs I2 defined by et''' o /t*^, /it'^ ^ —ht^, 
we see that the assertion of the lemma is equivalent to the following: if we put 

a' = ft<C[t\ + hClt] + eC[t] and 

/' = ft<C[t] + htC[t] +<C{h + a)+Y^ C(e<^)^°'"~^''>+\ 

s>0 

then we have for all p G Z>o and s G Z>o that 

JP(gi^){0,a-fo} + l ^ jy^^/)^/ ^ {/(Csb)/. 

We shall prove this. Fix arbitrary p and s. Since [/(Cs^) = C^(a') © (7(Cs[2)/, 
there exists X G C/(Cs[2) such that 

fP|^^^s^^{a,a-^s}+l _xf e U{a'). 

Let Vyj{h) be the s[2-Demazure module with wK — £Ao — awi, and w^a a 
nonzero vector in Vw{^)wK- By 110} Theorem 1], the annihilating ideal of v^k 
in [/(a') is U{a')r. Since 

(jP(gi.){O,a-M + l_X/).«^A=0, 

this implies /P(et''){o.«-^^}+i -Xf e U{a')r. The assertion is proved. □ 

We fix arbitrary b G Z>o, and prove (j4.7p for this & by induction on a G Z>o. 
To begin the induction, we first prove (14.71) for a = 0, 1, 2. 

(i) When a = 0, Lemma [4.91 with si = 0, S2 — s implies (j4.7p . 

(ii) Assume a = 1. If s < &, Lemma [4.91 with si = 0,S2 = s implies (|4.7p . If 
s > 6 + 2, Lemma lL9l with si = 1, S2 = s - 2 implies (i4J)) . Let s = & + 1. By 
Lemma lL4l and (tUo, + 6n7^, (Sa 4- /3)^) = ^) + 1, we have 

/3a+/3i''+' e f/(C0)/l.b. 

Then (|4.7p follows since 

(iii) Assume a = 2. Ifs^fe+1, (14. 7p is proved in the same way as in (ii). Let 
s = & + 1 . By Lemma 14.41 and 14.81 we have 

(/3a+/3t'+')' e (7(C0)/2,b and G {/(Cfl)/2,6. 
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Then (|4.7p follows from the following calculation: 



To proceed the induction we need to show that, if (|4.7p holds for given 
a,b € Z>o and all s S Z>o, then (|4.7p with a replaced by a + 3 also holds. To 
show this we shall prepare one lemma. Define Lie subalgebras a and Oq of Cg 

by 

a = n_C[i] + [}C[i] + ^ e^t'^'^^<'>C[t] and Qq = ^ Ce^t", 

7eA+ 7eA + \{/3} 

0<s<{7,ro^> 

where tjj^ is the fundamental coweight corresponding to a. Note that Cg = 
a® Oq. Let I'^jj be a subspace of /a,fc defined by 

lib - la.b n U{a) 

= e-yi<^'"^->C[<] + [}tCM+C(a''-a) + C(/3''-5) 

7GA+ 

Lemma 4.11. 



s>0 



UiC9)IaM Q U{a)I'^^, ® C/(C0)ao. 

Proof. Set 

Since {/(Cg) = U{a)U{ao) and t/(a)J = J, it suffices to show that U{ao)I C J. 
First we prove that 

h = n+C[t] + [,tC[t] + Cia'' -a) + C{f3'^ - b) 

satisfies [/(ao)/i C J, which is equivalent to that for any fc > and a sequence 
Xi, . . . , Xk of vectors of Oq we have Xi ■ ■ ■ Xkli C J. We prove a little stronger 
statement 

Xi--- Xkh C (/' n h) © C/(Cfl)oo (4.8) 

by induction on fc. If fc = 0, this follows since Ii = (/' n /i) © Oq. We can easily 
check that 

ad(oo)/i C n+C[t] C (/' n h) ® Oq, 
and hence if fc > we have 

Xi ■ ■ ■ Xkh Xi - ■ ■ Xk-iIiXk + Xi - ■ ■ Xk-i (ad(Xfe)/i) 
CXi---Xk-i{I'nh) + U(Cg)ao. 

This together with the induction hypothesis implies (|4.8p . J7(oo)/i C J is 
proved. 
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Next we prove U{ao)fp'^^ C J. Since /^^^ £ /', it is enough to show 
i7(ao)+/^^^ C J where C/(ao)+ denotes the augmentation ideal. The f)-weight 
set of U{ao)-i-f^'^^ with respect to the adjoint action obviously satisfies 

wti, ([/(ao)+/^+i) C Z>oa + Z/3. (4.9) 

Since ag © Cfp is a Lie subalgebra and U{ao ® C/^) = C[//3] © C[/^][/(ao)+, 
(|4.9p implies by weight consideration that 

t/(ao)+/^+i C C[/^]C/(ao)+ C J. 

The assertion is proved. 
Set 

s>0 

Since / = /i + C/^^^ + -^2, to complete the proof of the lemma it suffices to 
show U{ao)l2 Q J- To do this we put 

jeA+\{a,P} 
0<s<(7,ro;i) 

and prove C/(ag)+/2 C U{Cq)Ii first. Note that ag = © Ccq. The f)-weight 
set of t/(ao)+/2 with respect to the adjoint action satisfies 

wt„ {U{a'o)+l2) C Za + Z>o/3. (4.10) 
Put n'l"^ = X]7eA+\{a} 07- Since faC[t] © n^^C[t] is a Lie subalgebra and 

U{UC[t]®n^^'>C[t]) = U{UC[t]) © U{UC[t])U{n^^'^C[t])^, 
(|4.10p implies by weight consideration that 

U{a'o)+l2 C U{UC[t])u{n^"^C[t])^ C ;7(Cg)/i. 
Then since Lemma [4.101 with £ ~ 3 implies C[ea]l2 ^ J, we have 

U{ao)l2 C C[e„]/2 + C[e„]l/(a;,)+/2 C J + ;7(Cfl)/i C J. 
The proof is complete. □ 

Now we show the following proposition, which completes the proof of Propo- 
sition HTT] for type G2: 

Proposition 4.12. (j4.7p follows for all a,b E Z>o and s G Z>o. 

Proof. As stated above, it suffices to show that if (14.71) holds for given a, 6 £ Z>o 
and all s G Z>o, then we have 

( Wt^)^°-'("+^)+-'"'-^^> + ^ e C/(C0)/a+3,. (4.11) 

for all s G Z>o. 
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Since U{Cq) = U{a) ® U{Cg)ao, (|IT71) and Lemma BIT] imply 

{f2o.+pn^'''''+"'-''^+' e C/(C0)/a,b n C/(a) C C/(a)/;, (4.12) 
for all s e Z>o. Define a C-linear map $: a ^> U{Cg) by 

$(e^i'=) = e^t'=-<T'^°\ ^(Ai'^) = /^t'^+<^''"°> for 7 G A+, 

It is easily checked that $ satisfies ^([Xi, X2]) = [$(^1), $(^2)] for Xi, X2 6 O- 
Hence $ induces a C-algebra homomorphism t/(a) — t/(Cg), which we also 
denote by $. Applying $ to (|4.12p . we have 

C [/(Cfl) (n+C[t] + f)iC[t] + C(a'' - (a + 3)) + C(;3'' - b) 

s>0 

and (|4.1ip is proved for s > 2. (j4.1ip for s = Q follows from Lemma [4.31 It 
remains to prove (|4.1ip for s = 1, that is, 

If 6 > 1, Lemma 14.91 with si = 0, S2 = 1 implies this. Assume 6 = and put 

N = U{Cg)/UiC0)Ia+3,o- 

We shall prove (/2a+,3i)^°^"'.l ~ 0, where 1 g TV denotes the image of 1. Since 
is a quotient of the Weyl module W(^{a + 3)wa), it is finite-dimensional by 
Theorem [331 As the ()-weight of (/2a+/30^°'^''-l is -(a + 1)^^q and ((2a + 
(3Y , —{a + l)rua) = —2a — 2, it is enough to prove 

by the representation theory of s^. By [TTl Lemma 7.1], we have 

si+S2=2o+4 

Using (|4.1ip for s > 2 which are already proved, we can see that the right hand 
side is {0}. □ 



4.3 Quantized Demazure modules and Joseph's results 

The quantized version of Demazure modules also can be defined in a similar 
manner as the classical ones. For A G P+, denote by Vq{A) the irreducible 
highest weight J7q(0)-module of highest weight A. Similarly as the classical case, 
we have dimc(g) V;j(A)^a = 1 for all w £ W. Denote by Uq{n+) the positive 
part of Uq(Q). 
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Definition 4.13. We call Vq_^(A) = Uq{n+).Vq{A)^A the quantized Demazure 
submodule of Vq{A) associated with w. 

Joseph posed in [16, §5.8] a question which asked if the tensor product of 
a one-dimensional Demazure module by an arbitrary Demazure module admits 
a filtration whose successive quotients are isomorphic to Demazure modules. 
Polo and Mathieu [28] gave the positive answer to this question in the case 
of semisimple Lie algebras, and Joseph |18j himself gave the positive answer 
in the case of the quantized enveloping algebras associated with simply laced 
Kac-Moody Lie algebras. Here we briefly recall the Joseph's result since we use 
it later. Although his result is applicable to any quantized enveloping algebras 
associated with simply laced Kac-Moody Lie algebras, we concentrate only on 
affine case here. 

Let A = Z[q,q-^], Uf(n+) and UfQ) the A-forms of [/q(n+) and UqQ) 
respectively, and T the Cartan part of J7^(5) (for the precise definitions, see 
[H §2.2]). We denote by U^{b) the subring of Uf{Q) generated by U^{n+) and 
T. For w G W, let u^a be a nonzero element of weight wA in Vq{A), and set 

VlJA)^U^{n+).u^A, 

which is obviously a [/^(b)-module. Taking the classical limit, we have 

C®^T/^„(A)^K.(A), 

where A acts on C by letting q act by 1. Joseph has proved the following 
theorem: 

Theorem 4.14 ([181 Theorem 5.22]). Assume that g is simply laced, and 
let A, A' € P+, and w £ W. Then the Uf(b)- submodule ua ®a V^^{A') of 
Vq{A) (8'c(ij) ^g(A') has a Uq{b)-module filtration 

= YoCYiC.-.CYk^UA®A V;^^(A') 

such that each subquotient Yi/Yi^i satisfies 

= V^^y^iA') for some A' G P+ and y, e W. 

Remark 4.15. (i) In [TBI Theorem 5.22], a given Kac-Moody Lie algebra is 
assumed to be simply laced, and this assumption excludes the case where g is 
of type A^j^\ In Joseph's proof, however, this assumption is only used in [T51 
Lemma 3.14] to apply a positivity result of Lusztig. We can check that the 
proof of this positivity result in [27l §22.1.7] is also applicable to A^^-* without 
any modification, and hence the above theorem is true for any simply laced q. 
(ii) [T51 Theorem 5.22] claims only that the above filtration is a C/^(n+)-module 
filtration. It is easily seen, however, that this is in fact a f7^(b)-module filtration 
since each Yi is defined as an A-span of weight vectors ([TSl §5.7]). 

Taking the classical limit, the following result is obtained: 
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Corollary 4.16. Assume that g is simply laced. For t' > £, T>{£,X)[m] has a 
CQd-module filtration 

^ Do C Di C ■ ■ ■ C Dk = V{e, A)[m] 

such that each subquotient Di/Di^i satisfies 

Di/Di^i ^ fii)[mi\ for some fii £ P_|_ and mi G Z>,„. 

Proof. We shall prove the assertion for ^' — £ + 1. The results for general £' can 
be obtained by applying this case repeatedly. Take A' G P+ and w e W so that 
wA' = wqX + £Ao + mS. By Theorem liHl uab ® V^wi^') has a J7^(fa)-module 
filtration ^Yq CYi C ■ ■ ■ CYk = ua^ ^ V^wi^') such that 

Y,/Y,^i = Vly^{A') for some A* G P+ and y^ G W. 
Put D^ = C®aYi for < i < fc. Then we have 

Dk=C®A (uAo ®A Vl,,{K')) = Ca„ ®c K,(A') - Ca„ ®c A)[m], 

where Caq denotes a 1-dimensional b-module spanned by a vector of weight Ap 
on which n+ acts trivially. Since all Yi and Yi/Yi^i are free A-modules ( 1181 
§5.7]), Cao ®'D{£,X)[m] has the following b-module filtration 

Q = DoQDiQ-- - <ZDk = Cao ®2?(^,A)[m], 

and each successive quotient satisfies Di/Di^i ^ Vy^{K^). Obviously each A* 
is of level £ -t- 1. By [18l Theorem 5.9], for each 1 < i < fc there exists a 
f7^(5)-submodule Zi of Vq{h) ®c(q) ^(^0 such that 

= z,n(uAo ®avI^{K')). 

Then since Caq ®c A) [to] is a (CQd ® Cii')-module we see that each Di is 
a (Cfld © C-ft')-module, and so is Di/Di^i. Hence each Di/Di-i is isomorphic 
to T){£ + l,iii)[mi] for some fii G P+ and G Z. Each obviously satisfies 
mi > m since wt|-,^X'(£, A) [to] G \ — Q++Z>rnS. Now the assertion of corollary is 
proved by restricting these results to CQd since Caq is a trivial Cgrf-module. □ 

We define a partial order ^ on P+ -I- Z(5 by Ai-l-TOiJ ^ A2-l-m2i5 if A2— Ai G Q+ 
and TOi > TO2. Since !){£, A)[m] is C/(n_(8)C[f])-cyclic, \i+miS G wt[,j2?(£, A)[m] 
implies Xi+miS ^ A+mJ. From this we see that {chj,^ 'D{£, A) [to] | A G P+, m G 
Z} are linearly independent for each £ G Z>o. 

When a f)d-weight Cgd-module M has a filtration = Dq C Di C • • • C 
Dk = M such that 

Di/Di^i = !){£, fii)[mi] for some /x^ G P+ and mi & Z 

with fixed G Z>o, we define 

{M : P(£, A) [to]) ^ #{z I A/A-i = V{£,X)[m]}, 

which is independent of the choice of the filtration by the linearly independence 
of the characters. 
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4.4 Filtrations on the Weyl modules 

Throughout this subsection, we assume that g is non-simply laced. We denote 
by 'D^^{£, v) the Cg'^'^-Demazure module and by V^'^il^ v)\m\ the Cgl'^-Demazure 
module for v G P+, t G Z>o and m ^"L. 

Lemma 4.17. Let v he the generator ofW{X) in Definition \3.1l and set W = 
U{CQf).v C W{X). Then W is isomorphic to 2?"'^(1, A)[0] as a C^f -module. 

Proof_By Theorem P'''(1,A)[0] is isomorphic to the Cg^''-We_yl module 
W^^{X). Hence there exists a surjective homomorphism (p: 1)^^(1, X)[0] -» W 
of Cg^^-modules by Theorem 13.31 We need to show that tp is injective. In this 
proof, by V{fi) for fi E P+ we denote the Cg^-module obtained from Vg{fi) by 
letting g (g) tC[t] © Cd act trivially. Write A = J2i£i ^i'^ii and put p ~ A^. 
Let ci, . . . ,Cp be pairwise distinct complex numbers, and define a Cg-module 
by 

Wi = V"(n7i)ci * • • • * F(tui)c;^^ * • • • * F(w„)cp_;^„+i * • • • * F(tn„)cp, 

where each V{wi) occurs \i times. By the same way as [101 Lemma 5], we 
can show that there exists a surjective homomorphism -0: W{X) Wi of Cg- 
modules. It suffices to show that the homomorphism tp o ip: T>^^{1, A)[0] W\ 
of Cg^'^-modules is injective. By Lemma [^751 and Lemma [3. 11 1 fi). we have 

chf, (Im^ o </?) = P;,_Q3hchi, Wx = ^x-Qf H '^^l ^(^0^'' 
and using wV^yivji) C — (5+ we have 

^A-Q- n^^^ ^(^«)'* = n (^-.-QfcH i^(n7.))^'. 

We have from Lemma [2. 31 that P^._Qahchf| V(voi) = ch|, [/(g''^).Wi where Wi is a 
nonzero highest weight vector, and we can easily see that 



K3h(0) ifi^/^i^ 



as g^^-modules. From these equations, we have 

dim (Im ip o ip) — JJ^ dim Vgsh (ro^)'*'' . 

On the other hand, we have that 

dimP^'^(l, A) = Y[ dimP^'^(l,W,)^' = Y[ dimVg.h(^,)^', 

where the first equality follows from [51 Theorem 1] and the second follows from 
Lemma [3.81 Hence we have dim (Imtp o ip) = dimP^^(l, A), which implies that 
i/) o is injective. Our assertion is proved. □ 
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Let A e P+. By Corollary V''^{l,\)[Q] has a Cg^^-module filtration 

= Do C £>! C • • . C Dfe = A)[0] such that 

Di/Di^i ^ V^^{r,Vi)[mi\ for some vi G P+ and G Z>o. 

Now we show the following proposition using this filtration, which is the main 
result of the first half of this article: 

Proposition 4.18. Let iii = ish(fi) + (A — ish(A)) for each 1 < i < k. Then 
the Weyl module W{X) has a CQd-fnodule filtration = Wq C Wi C • • • C Wk = 
W{\) such that each subquotient Wi/Wi-i is a quotient of 'D{1, ^i)[mi]. 

Proof By Lemma HUl W{X) ^ U{CQf).v has a Cg^'^-module filtration 

= Xo C Xi C ■■■ C Xk = W such that XjXi^i = X>"'>(r, z/i)[TOi] for 

1 < i < k. For each i, take Xi G Xi so that the image under the homomorphism 
Xi -» Xi/Xi^i = T?^^{r, i'i)[mi] coincides with the generator in ProDOsition l3.6l 
We may assume that each Xi is a ()^'^-weight vector of weight I'i + rriiS. Then 
each Xi satisfies 

xv"^ ® C[t].Xi C Xi^i, if^ ® t€.[t].Xi C h.Xi = {vi +mi5,h)xi for h G t)f, 

and 

Let us show first that each Xi is a f)-weight vector of weight fii. Set (f)^'^)^ = 
{/i G () I = for hi G f)"'^}, which obviously satisfies () = f)^^ (-f,sh)± 

and [(()'''^)^,C0|'^] ^ 0. Then since x, G ;7(C0f ).?;, we have 

h.Xi^{X,h)xi ioi- h(E (i)'^)^. 

On the other hand, we can easily check from the definition of ish that {fii, h) — 
(A, /i) for h G (f)'''^)"'" and = {v^h) for h G f}*^^. Hence it is proved that 

each Xi is a l}-weight vector of weight ^i. Now set = U[CQd)-Xi for each 
i, and let Xi be the image of Xi under Wi Wi/Wi-i. Note that we have 
Wk = W{X) and 

U{CQd)-x^ + W,^i = UiC3d).{Cx, + = U{Cgd).X, = W, 

for each i. Hence to finish the proof, it suffices to show that each Xi satisfies the 
defining relations of P(l,/ii)[mi] in CoroUarv 14.21 From the relations which Xi 
satisfies, we can see that Xi is a weight vector of weight fii + ruiS and satisfies 
(D4). In order to prove (Dl), it suffices to show that 

e^(8)^^a:, = for 7 G A+ \ Af , s G Z>o, (4.13) 

which follows since the ()-weight of e^ (E) t'' .Xi is + j E X — Q J + 7 and hence 
^i + -f ^ X — Q+. Then (D3) follows since Wi/Wi-i is finite-dimensional. To 
prove (D2), it suffices to show that 

ifc)''^)^ ®tC[t].Xi^Q, (4.14) 

which is easily checked since Xi G U{Cgf).v and [(f)'''')^ tC[t],C9f] =0. □ 
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Remark 4.19. In Section [HI we show that the successive quotients of the given 
filtration on W{X) are actually isomorphic to the Demazure modules. 

For Fi,F2 e Z[f)*], we write Fi < F2 if F2 - Fi G Z>o[f)2]- The above 
proposition implies the following corollary: 

Corollary 4.20. Let A G P+, and set \' — X ~ ish{\). Then we have 
ch„,W^(A)< (2?'^1,A)[0] :P^^r,z.)H)ch^.^?(l,*shH + A')H- 

Before ending this section, let us prove the following lemma for later use: 
Lemma 4.21. Let A G P+, rri G Z, and set X' — X ~ ish(A). Then we have 
^A-Qf +Z5ch,„ A)H = e(A')*shch^.. V'''ir,X)[m]. 

Proof. Let v be the generator of P(l,A)[m] in CoroUarv 14.21 and set D' — 
U{Cq^J^).v. Similarly as Lemma [2.31 we have 

^A-Qf +Z5chhd A)H = e(A')4hch^3h D' . 

We see from proposition 13.61 that D' is a quotient of T>^^{r, X)[m] as a Cg^^- 
module. Hence we have 

Px-Qf+zsch, A)H < e(A')*shch^.. P^'^(r, A)H- 

In order to show the opposite inequality, it is enough to show in the case m = 0. 
Here we use the notation in the proof of Proposition 14.181 Similarly as (I4.13P 
and (j4.14l) . we can show for each 1 < i < k that 

® C[t].X, = for 7 G A+ \ and (f)"'')^ (g) tC[t].Xi = 0, 

which implies 

W, = C/(C0d).X, = Uin'_ (g, C[t]).X„ 
where we set n'_ = ®^gA_\A='' 07- From this we have 

X, n w,.i ^x,n {u{n'_ ® c[<]).x,_i) = 

and hence it follows that 

W,/W,-i D U{C9f).x, = X,/X, n W,-i = X,/X,_i ^ I)^h(r, 1/,)^]. 

Similarly as Lemma |2.3[ we have 

Px-Qf+zsc\, WJW,-, = cht,, UiCgf).x, 

= e{^ii - ish(7ii))«shchf,eh V'^ir, iyi)[mi]. 

Since Wi/Wi-i is a quotient of 2?(1, /ii)[mi] and fii — ishi'Pi) = A — ish(A) = A', 
we have 

P\-Qf+z5ci^^,a'^{'^,^J■^)[m^] > e(A')ishch|,=hP'''(r, iy,)[m,]. 
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In particular, we have 

Px-Qf+i.scS. 25(1, A)[0] > e(A')zshC^=i.I?^^r,A)[0] 

since there exists some j such that Vj = A and mj = 0, which is easily seen from 
the equation 

^ ch|,sh P"!^ (r, V, ) [m,] = ch^=h 2?"^ ( 1 , A) [0] . 
i<i<fe 

□ 

5 Path models 

In this section, we review the theory of path models originally introduced by 
Littelmann [3S], (this theory can be applied to any Kac-Moody algebras, 
but we only state it for affine ones). We do not review the definition of (abstract) 
crystals, but refer the reader to [15l §4.5]. 

5.1 Definition of path models 

For a, e M with a < b, we set [a, b] = {t G 'M. \ a < t < b} . A path with weight in 
P is, by definition, a piecewise linear, continuous map tt: [0, 1] ^ f)J = M (E>z P 
such that 7r(0) — 0, 7r(l) G P. We denote by P the set of all paths with weights 
in P. For 7ri,7r2 G P, define tti + 7r2 £ P by (vri + 712) (t) = 7ri(t) + 7r2(i). 

Remark 5.1. In [5S] and [35], paths are considered modulo reparametrization. 
In this article, however, we do not do this since there is no need to do so. Indeed, 
it can be checked that all the results in [25^ and [26] used in this article still 
hold in this setting. 

Let TT G P. A pair (/i, a) of a sequence /i : /ii, /i2, . . . , of elements of f)|^ 
and a sequence ct:0 = cto < <Ji < ••• < on = lof real numbers is called an 
expression of tt if the following equation holds: 

p-i 

7r(i) ^ (CTp' - crp'_i)^p' + (t - CTp_i)^p for i G [CTp_i,CTp], l<p<N. 
p'=i 

In this case, we write tt = (/i, a). 

For TT G P and i G /, define : [0, 1] ^ M and G M by 

Hnt) = {^{t),a'(), - min{i7f (i) | i G [0, 1]}. 

Denote by Pint the subset of P consisting of paths tt such that for every i G /, 
all local minimums of are integers. 

Littelmann introduced root operators 6,,/^ {i G /) on P in [5S] and [55] (in 
these articles, they are denoted by ea,fa)- Here for simplicity, we recall their 
actions only on elements of Pint, which are enough for this article since all the 
paths we consider below belong to Pint. For tt G Pint and i G /, we define eiir as 
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follows: if uri^ ~ 0, then e^Tr = where is an additional element corresponding 
to '0' in the theory of crystals. If < — 1, then eiTr S P is given by 

{7r(i) for<e[0,to], 
7r(io) + Si(7r(i)-7r(io)) for < G [to,ti], 
7r(i) + ar for < G [ti, 1], 

where we set 

ii = min{i G [0, 1] I H^{t) = m^}, 

to = max{t G [QM] I -^^''(t) = "i^ + 1}. 

Similarly, we define /,7rGPU{0}as follows: if i7f (1) = to^, then /jTt = 0. If 
-ffi^(l) > + 1' then /iTT is given by 

f7r(t) fortG[0,to], 

= < ^(^o) + s^{^T{t) - Tr{to)) for t G [io,ii], 

[7r(t)-ai fortG[ii,l], 

where we set 

to = max{i G [0, 1] I H^{t) = }, 

ti = min{t G [to, 1] I H^{t) = + !}• 

We set wt(7r) — 7r(l) G P for tt G Pint, and define Si : Pint — >■ Z>o and (fi : Pint — > 
Z>o for i G / by 

ei(7r) = max{fc G Z>o | efvr 7^ 0}, <y3i(7r) = max{fc G Z>o | /f tt 7^ 0}. 

Theorem 5.2 (t26i §2]). Let M be a subset o/Pint smc/i that e^B C BU {0} and 
/jB C B U {0} for all i € I. Then M, together with the root operators Si, fi for 
i £ I and the maps wt,ei,ipi for i G /, becomes a Uq(Q)- crystal ( .15, Definition 
4.5.1]). Moreover we have 

e,(7r) = -m^, .^.(vr) = iJf (1) - /or tt G B and i G /. (5.1) 

The following lemma is easily checked from the definition of the root opera- 
tors. 

Lemma 5.3. Let tt G Pint, i E L, and < u < 1 a real number. 

(i) If TT satisfies L[J'(t) > mj + 1 for all t G [0,m], then we have 

eiT:{t) — Tr{t) for all t G [0,u]. 

(ii) Let M G Z>o. //tt satisfies 

/.(tt) / 0, H^{t) > -M for all t G [0, u], and HJ {u) = -M, 
then we have 

/,7r(t) = 7r(t) for allt e[0,u]. 
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Assume that a subset B C Pi„t satisfies the assumption of Theorem l5.2l For 
each i £ I, wc define Si : B — t' IB by 



ffiT if£-(^(l),ar)>0, 



Theorem 5.4 (f26' Theorem 8.1]). The map Si i— ^ Si on the simple reflections 
of W extends to a unique group action of W onM: w i-^ Sw . 

Lemma 5.5. Let vr e B and i £ I. If is non- decreasing or non-increasing, 
then Si{7r) satisfies 

S^{n){t) ^ s,{Tr{t)) for all t G [0, 1]. 

Proof. Assume that is non-decreasing. Then we have = Hf(l) £ Z>o 

by ((^ . Put M = ipi{-K), and define at e [0, 1] for each fc e {0, . . . , Af} by 

fjfc = niax{i e [0, 1] I H^{t) = k}. 

Then we have < cfq < ai < ■ ■ ■ < (Tm = 1, and we can show inductively from 
the definition of fi tliat 



s,{'K{t)) for i e [0,crfc], 
7r(t) — kai for t e [ok, !]• 



Hence ffT^{t) = s^{■K{t)) holds for all t e [0,1]. When iJf IS non-mcreasiuff, 
the assertion is proved similarly. □ 

We recall the definition of a concatenation of paths in P (cf. §1]). For 
TTi , 7r2 G P, we define their concatenation tti * 7r2 G P by 



(tTi * TT2){t) = 



^i(2t) ifie[0,i], 
^i(l)+^2(2t-l) ifte[i,i]. 



It is obvious that if tti,tt2 G Pint, then vri * 7r2 G Pint- For the notational 
convenience, we set 0>i=7r = 7r*0 = for any tt G P. 

Lemma 5.6 ([3BJ Lemma 2.7]). For 7ri,7r2 G Pint and i £ I, we have 

~f ^ \ /(e^TTi) i=7r2 j/^»(7ri) > £,(7r2), 
7ri*(ei7r2) tf (fiiini) < ei[n2), 



/.(7ri*vr2) = |(^^"^)-*"^ */^.(-i)>e.(7r2), ^^^^ 
[7ri*(/i7r2) j/<Pi(7ri) < £i(7r2). 

This lemma implies the following: 

Proposition 5.7. Assume that two subsetsMi, M2 o/Pint satisfy the assumption 
of Theorem \5.2\ Set 

Bi *B2 = {tTi *7r2 I TTi GBi,7r2 GB2} C Pint. 

Then Bi * B2 also satisfies the assumption of Theorem \5. 2[ and Bi * B2 is 
isomorphic to Bi B2 as a Uq(Q)- crystal {see 15, Definition 4.5.3] for a tensor 
product of crystals) , where the isomorphism is given by tti * 7r2 1— tti 7r2 . 
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Lemma 5.8. LetMi,M2 be as in the above proposition, andletni GBi,7r2 GB2. 
There exists some p 6 Z>o such that 

^^i^^i'^i * ""a) = (ejTTi) * (ef7r2) and e^TT2 ^ 0. 

Proof. We can see from (|5.2p that p = maxjO, ei(7r2) — ipi{7Ti)} satisfies the 
assertion. □ 



5.2 Relations between crystal bases and path models 

The crystal bases of C/q (gj-modules and C/^(5)-modules are typical and very 
important examples of crystals (see [121 Chapter 4]). In this subsection, we 
review some realizations of crystal bases using path models. 

We prepare some notation. For a [/g(g)-crystal B and an element b ^ B, we 
denote by C{b) the connected component of B containing b, that is, the subset 
of B consisting of elements obtained from b by applying Kashiwara operators 
several times. Note that C{b) is a connected t/q(g)-crystal. For A £ P, denote 
by n\ the straight line path nxlt) — tX, and write 

Bo(A) = C(7rA). 

It is known that Bo(A) C Pj^t for aU A G P ([26l Lemma 4.5 (d) and Corollary 
2]). It is easily seen from the definition of the root operators that for any 

TT = (^1, . . . , hn',3.) G Bo(A), we have fij e WX for all 1 < j < N. 

It is well-known that the integrable highest weight J7g(0)-module Vq{A) of 
highest weight A g P+ has a crystal basis, which we denote by B{A). Let 6a 
denote the highest weight element of B(A). From the construction of B{A) f [151 
Chapter 5]), it follows that 

6(A) = 6a I s > 0,ik e 1} \ {0}, (5.4) 

and 

{b e B{A) I e,b = for all i e 1} = {6a}. (5.5) 
Theorem 5.9. Let Ae P+. 

(i) ([ini §7]). //tt e P satisfies = for all i e T and 7r(l) = A, then there 
exists a unique isomorphism of Uq(g)- crystals from C(7r) to Bo(A) which maps 

TT to TTA- 

(ii) (f21j, [17|). There exists a unique isomorphism of Uq(Q) -crystals from Mq{ A) 
to B{A) which maps tta to 6a. 

Corollary 5.10. // tt e P satisfies = for all i e I and 7r(l) = A e P+, 
then there exists a unique isomorphism of Uq^Q)- crystals from C(7r) to B{A) 
which maps tt to b/^. 

Remark 5.11. It is known that Bo(A) with A e P+ coincides with the set B(A) 
of all Lakshmibai-Seshadri paths (LS paths for short) of shape A ([26]). We do 
not recall the definition of LS paths here, since we do not need it in this article. 

Let Pel = P/Z(5, and denote the canonical projection P P^ by cl. Note 
that Pel is the weight lattice of Uq(Q). A path with weight in Pei is a piecewise 
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linear, continuous map 77: [0,1] — > R (gDz Pd such that 77(0) = 0, 77(1) G Pel- 
Let Pel denote the set consisting of paths with weights in Pel- We define an 
expression of 77 G Pci similarly as that of a path with weight in P. For ^ G Pel, 
denote by 77^ e Pei the straight line path 775 (i) — tS^- 

For TT e P, cl(7r) e Pei is defined by cl(7r)(t) = c\{n{t)) for t £ [0,1]. For 
A e P+(C P), we define a subset B(A)ei C Pei by 

B(A)ei = {c\{tt) I TT e Bo(A)}, 

which is known to be a finite set. Now we define a J/^ (5) -crystal structure on 
B(A)ci. Define a weight map wt: B(A)ei Pel by wt(77) = 77(1), root operators 
e^, /, : B(A)ei ^ B(A)ei U {0} for ^ e / by 

e,(cl(7r)) = cl(e,7r), ft{c\{n)) = cl(/,7r), 

where cl(0) is understood as 0, and e^, ipi : B(A)ci Z>o for i G / by ei(cl(7r)) = 
Si{7T), i^i(cl(7r)) — ipiiir). These maps are all well-defined, and B(A)ei together 
with these maps becomes a finite (7^(5) -crystal ([3T1 §3.3]). 

Remark 5.12. For A G P+, Bo(A) does not necessarily coincide with the set 
B(A) of all LS paths of shape A. However, it is known that the set {cl(7r) | tt G 
B(A)} coincides with B(A)ei defined above ([32j Lemma 4.5 (1)]). This is why 
we use the notation 'B(A)ci' in stead of 'Bo(A)ei'. 

In [22J §5.2], Kashiwara introduced a finite-dimensional irreducible integrable 
J7g(g)-module Wq(wi) for each i G / called a level zero fundamental represen- 
tation^ and proved that it has a crystal basis. We denote the crystal basis of 
Wq{w^) by B{Wq(wi)). The following facts were verified by Naito and Sagaki: 

Theorem 5.13. (i) ([201 Theorem 3.2]). Let A = K^i e P+- Then there 

exists a unique isomorphism of U[j(q)- crystals from B(A)ei to (^^^^8(117^)^'^' 
{which does not depend on the choice of the ordering of the tensor factors up to 
isomorphism) . 

(ii) ( |31l Corollary of Theorem 1]). For all i G /, B(n7i)ei is isomorphic to 
B{Wq{wij) as a 11^(0) -crystal. 

5.3 Degree function on B(A)ci 

For TT — (/ii, ■ ■ ■ , IJ^N', 2.) G we call G K P the initial direction of tt 
(which does not depend on the choice of an expression) , and denote the initial 
direction of tt by /-(tt). The initial direction of 77 G Pel is defined similarly, and 
denoted by (.(77) G M ®z Pei. Note that t(cl(7r)) = cl(i(7r)) holds. 
For A G P+ , let d\ be the nonnegative integer satisfying 

WXniX + ZS) ^ X + dxZ6. 

Then we have 

WX = WX + dxZS. (5.6) 

Lemma 5.14. Let A G P+. 

(i) For any tt G Bo(A), we have wt(7r) G A — + "LS. 

(ii) For any rj G B(A)ci, we have wt(r]) G cl(A — Q+)- 
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Proof. Let {^i , ■ ■ ■ , fiNlS.) be an expression of tt. Since fij G WX C WX + 7^5 C 
X — + ZS for each j, we have 

N 

wt(7r) = ^(cTp - ap-i)fj,p e A - ^ M>oaj + Mi5. 
p=i iei 

On the other hand, we have wt(7r) e A + ^^^jZa^ = X + Q + ZS by the definition 
of Bo(A). Hence (i) foUows. The assertion (ii) obviously follows from (i). □ 

Lemma 5.15. Let 77 G B(A)ci. 

(i) For arbitrary n S Bo(A) H c\^^{r]), we have 

Bo(A) n cr\rj) = {tt + TTkd.s \ k £ Z}. 

(ii) ^ssMTTie /X £ VFA satisfies cl(/i) = '-(?7)- T/ien i/iere exists a unique element 
tt' e Bo (A) n cr^(77) such that l{tt') = ^. 

Proof. The assertion (i) is just [30l Lemma 4.5]. Let us prove the assertion (ii). 
Let TT be an arbitrary element of Bo(A) Pi cP^(?7). Since cl((.(7r)) = 4(77) = cl(^) 
and t(7r) G W^A, there exists some s S Z such that (.(tt) = /i + sdx6 by (j5.6p . 
Then by (i), tt — tTs^a^ is the unique element of Bo(A) H cl^^{r]) whose initial 
direction is fi. The assertion is proved. □ 

Now we recall the definition of the degree function on B(A)ci (A G P+) 
introduced in |33| . Let id : Pel — ^ P be the unique section of cl satisfying 
*ci(Pci) = P + ZAq. For 77 G B(A)ci, we denote by tt^ the element in Bo(A) fl 
cl~"'^(r7) such that /.(tt^) G WX, which is unique by Lemma 15.151 (ii). and define 
Deg(77) G Z by an integer satisfying 

wt(7r^) = id o wt(77) - (5Deg(77). 

We call Deg(77) the degree of 77. By [33l Lemma 3.1.1], Deg(77) < follows for 
all r] G B(A)ci. 

Remark 5.16. The main theorem in ^33] says that the degree function on B(A)ci 
where A = ^i^i can be identified with the energy function (see [13], [M]) 

on {^jgj ;B(Wq(tUi))®'^' up to some constant through the isomorphism given in 
Theorem 15.131 

For 7/ G B(A)ci, define 

^^piv) ^ wt(7r,,) — id o wt(77) — SDeg{r]) G P. 

We call wtp(77) the P -weight of 77. 

Remark 5.17. By the definition of tt^, we have 

{tt^ I 77 G B(A)ei} = {tt G Bo(A) I l{tt) G P}. 
Hence it follows that 

e(wtp(7y)) = e(wt(7r,,)) = ^ e(wt(7r)). 

n&Wci i;6B(A)oi 7reBo(A) 

t(7r)eP 
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Lemma 5.18. The following statements hold for every rj G B(A)ci, where ttq is 
understood as 0. 

(i) We have CiTr,, — iTein '^"■'^ fi'^v ~ '^f-r, •^'^'^ i & I- 
ill) If Cqti ^ 0, then we have f^T^n — ""/f,,, ■ 

Proof, (i) By the definition of tlie root operator, we fiave t(ei7r,;) — L{'Kn) or 
I'i&iT^ri) = SibiTTn). Hence L{ei'Kn) G W\ follows. Then since 

cl(ei7r^) = eicl(7r^) = e^r], 

Ci'Kn — T^ei-q holds by definition. The proof of /iTr,, — tt^.j^ is similar, (ii) If 
/o?7 — 0, (ii) follows since f^rj = cl(/o7r^). Assume f^rj ^ 0, which also implies 
/oTTj, 7^ 0. Then it follows from the assumption and [251 Lemma 5.3] that 

From this and cl(/o7r^) — for], foiTri — tt^^,^ holds by definition. □ 

6 Decomposition of B{A) <S) Bo(A) 

Throughout this section, we assume that A e P+ \ ZS and A G P+ . Our goal 
in this section is to show that B{A) (E) Bo (A) is isomorphic to a direct sum of 
the crystal bases of integrable highest weight J7g(g)-modules. This result is 
motivated by the tensor product rule in (see also [T^). 

6.1 Technical lemmas 

Here we prepare several technical lemmas. 

Lemma 6.1. Let u be a real number such that < u < 1, and assume that 
n G Bo (A) satisfies 

i?r(t) > -(A,^^ for allte[0,u], iel. (6.1) 

(i) For any i ^ I such that ei{iTA * n) ^ 0, we have e^Tr ^ and 

i^n(t) = TT{t) for all t G [0,m]. (6.2) 

(ii) For any sequence ii, . . . ,ik of elements of I such that • • • e^^ (tta * tt) 7^ 0, 
we have e^j^ ■ • • e^j. tt ^ and 

Gil • ■ ■ Bik'^it) — 7r(i) for all t G [0, u]. 

Proof. It suffices to show (i) only since (ii) follows inductively from (i). Since 
ei{7T\ * 7r) 7^ we have mj'^*^ < — 1, which implies from the definition of the 
concatenation that < —(A, a^) — 1. Hence eiir 7^ follows, and the Lemma 
15.31 (i) together with the assumption (|6.ip implies (|6.2p . □ 

Lemma 6.2. There exist a positive integer N and a sequence of real numbers 
: = (To < CTi < • • • < cfn = 1 such that any tt G Bo(A) has a unique 
expression in the form (/ii, . . . , /ijv;£). 
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Proof. Since the set {tt,, | t] G B(A)ci} is finite, it is easily seen that there exist a 
positive integer N and a sequence of real numbers : = uo < ci < • • • < cta? — 
1 such that for any rj G ]B(A)ci, tt,, has an expression in the form (^i, . . . , /xat; ct). 
Note that we have 

Bo(A) - {tt^ + TTkd.s I r] e B(A)ci, k e Z} 

by Lemma [5.151 and 

{^J-l,■■■,^J,N^,g:) + T^kd^s = O^i + kdx5, . . . ,^Ar + kdxS;a). 

Hence any tt e Bo(A) has an expression in the form (/ii, . . . , fiN]g_). Since the 
uniqueness is obvious, the assertion is proved. □ 

If a sequence a:0 = ao<---<aN = i satisfies the condition of this lemma, 
we say that a is sufficiently fine for A. 

Remark 6.3. Assume that a is sufficiently fine for A. Then for any tt G Bo(A), 
it is obvious that the function H^{t) is strictly increasing, strictly decreasing, 
or constant on each [up, Cp+i]. 

Lemma 6.4. Assume that g_ : Q = < ■ ■ ■ < un = 1 is sufficiently fine for A. 
Then for any n £ Bo(A), i G I and M G Z>o,. we have 

max{ii G [0, 1] I H^{t) > ~M for all t G [0,u]} G {ctcCTi,. . . ,crAr}. 

Proof Set 

uq = max{u G [0, 1] | H^{t) > ~M for all t G [0, u]}, 

and assume that uq ^ {ao, cti, . . . , a^}. Since > —M implies uq — \ — a^, 
we have < —M — 1. Let p G {0, . . . , — 1} be the number such that 
cFp < Uq < (Tp+i. By the definition of and the assumption that a is sufficiently 
fine, we have that 

^^rK) > -M, HJ'iuo) = ~M and iJfK+i) < -M. 

Let q = —M — mj. We have from (|5.ip that 

m^'^ < —M — 1 ior r < q and m'^i'^ = ~M. 

From this and H[{t) > —M for all t G [0, uq]: we can show inductively using 
Lemma 15.31 (i) that 

ef 7r(t) ^ TT(t) for aU t G [0, wq]- 

Hence we have hI^^ {a^) > —M and H^^^ [uq) = —M. On the other hand, we 

have H^^'^ {(jp+i) > —M since m^^^ — —M, which contradicts the assumption 
that is sufficiently fine. Hence the lemma follows. □ 

For a subset J of /, we denote by Wj the subgroup of W generated by simple 
reflections {si | i G J}. It is well-known that Wj is finite if J is proper. 
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Lemma 6.5. Let J be a proper subset of I. Then for any tt G Bo(A), the set 
{sii • • • Ci^TT I s > 0, ife G J} \ {0} is finite. 

Proof. Assume that a : — ao < ■ ■ ■ < — ^ is sufBciently fine for A, and let 
{ill, . . . tIJ-n'tS.) be the expression of tt. By the definition of root operators and 
the sufficiently fineness of ct, it follows that 

{eii • ■■li.n I s > 0, ik e J}\ {0} C {(wi/ii, . . .,'WnI^n;^) \ wj € Wj}. 

Since Wj is a finite set so is the right hand side, which proves the assertion. □ 

Lemma 6.6. For any tt £ Bo(A) and u e [0,1], a subset {i e / | H^{u) = 
— (A,a^)} of I is proper. 

Proof. Let (fii, . . . , fJ.s,SL) be an expression of tt. Recall that if ap-i < u < ap, 
we have 

i<p'<p-i 

Since G WX = WX + dxI^S, {nj,K) = holds for all I < j < s. Hence 
{tt{u), K) = holds. Then we have 

{tt{u)+A,K) ^ (A,K) > 0, 

which implies (7r(u) + A, a^) ^ for some i E I. The assertion is proved. □ 

6.2 Decomposition of B{A) ® Mo{X) 
Set 

Bo(A)'^ = {tt e Bo(A) I r< > -(A, for all i e /}. 
Note that A + 7ro(l) G P+ if ttq e Bq{X)^. 
Proposition 6.7. We have 

Bo(A)*Bo(A)- C(7rA*^o). 

7i-oeBo(A)A 

Proof. If ttq £ Bo(A)'^, tta^tto satisfies r7i^**'^° = for all i G I, which implies by 
CoroUarv lS.lOl that there exists an isomorphism of /7g(g)-crystals from C(7rA*7ro) 
to ;B(A + 7ro(l)) that maps tta^ttq to foA+iro(i)- From this isomorphism and (|5.5p . 
we have that 

{tt £ C{nA * ttq) I CiTT = for all i £ 1} = {tta * ttq}, 
which implies that a sum U7rneBo(A)A C!{'Kf^ * ttq) is disjoint. Hence we have 

Bo(A)*Bo(A)3 C(7rA*^o). 

Ti-oGBo(A)A 

We need to show the opposite containment. By Lemma 15.81 we can see for 
arbitrary tti * 7r2 £ Bo(A) * Bo (A) that there exists a sequence ji,...,js of 
elements of / such that 

^ji ■ ' ■ ^js (""i * '"'2) = TTA * for some Tr'2 £ Bp (A). 
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Hence to show the opposite contamment, it suffices to show for any tt2 G Bo(A) 
that there exists a sequence ii, . . . , of elements of / such that 

e-ii • - -ei^ (tta * 7r2) = tta * tto for some ttq G Bo(A)^. 

Let a;:0 = cro<(Ti<---<CTjv = lbea sufficiently fine sequence for A. By 
Lemma 16.41 there exists some < pa < N such that 

CTpo = max{M e [0, 1] I Hp{t) > -{A,a^) for all t G [0,w], i G /}. 

We shall show the above assertion by the descending induction onpo- ^ipo = N, 
we have tt2 G Bo(A)^ and there is nothing to prove. Assume po < N, and set 

j = {zG/|i/rKj = -(A,an}, 

which is a proper subset of / by Lemma 16.61 It obviously follows that 

{eii • • •ei^(7rA * 7r2) I s > 0, ifc G J} \ {0} 

C TTA * {gj^ • • • ei^7r2 I s > 0, ifc G J} \ {0}, 

and since the right hand side is a finite set by Lemma 16.51 so is the left hand 
side. Hence we can see by weight consideration that there exists 

TTA * TTj G {eil • • •ei^(7rA * 7r2) | s > 0, ifc G J} \ {0} 

such that 

ei{TTA * TTj) = for all i G J. (6.3) 
Note that we have from Lemma 16.11 (ii) and the definition of pa that 

TT'^{t) = TT2{t) for all t G [0,CTpJ. (6.4) 

Let < Pq < iV be an integer such that 

CTp^ = max{M G [0, 1] | Hf^t) > ~{A,a]^) for all t G [0,u], i G /}. 

We have mf"*''^ = for i G J by (US]), which implies that Hf^t) > -(A,a,^) 
for alH G J and t G [0, 1]. On the other hand if i G / \ J, we have from (16. 4p 
and the definition of J that 

Hf'it) > -(A,a,^) for aU t G [0,ap„] and Hf^crp„) > -(A,a,''). 

Hence we havepg > po, which together with the induction hypothesis completes 
the proof of the assertion. Now the proposition is proved. □ 

By Proposition 15. 71 Theorem 15.91 and Corollarv l5.101 the above proposition 
implies the following corollary. This is some sort of generalization of [T2j Theo- 
rem 1.6] in which g = sl^+i and A = mwi are assumed, and 29, Theorem 4.3.2] 
in which q is general and A is a minuscule fundamental weight. 

Corollary 6.8. We have 

B(A)®Bo(A)^ B(A + ^o(l)) 

7roGBo(A)A 

as Uq(Q)- crystals, where the given isomorphism maps b\ (8) ttq for each ttq G 
Bo(A)A to6A+,„(i) GB(A + 7ro(l)). 
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Note that we have shown the following fact in the proof of Proposition [^3 
which is used again in the next section: 

Lemma 6.9. Assume that g_ : — ctq < ■ ■ ■ < — I is sufficiently fine for A 
and 7r2 S Bo(A). Let < pq < N be an integer such that 

ap„ = max{u G [0, 1] | H^^{t) > -{A,a]^) for all t e [0,u],i £ /}, 

and assume po < N. Let J = {i G / | H^'{apg) — — (A,Q!^)}. Then there exists 
TTj G Bo (A) such that 

TTA * TTj G {e^i ■ • •ej^(7rA * 7r2) I s > 0,ife G J} \ {0} 

and p'q > Pq, where p'q denotes the integer defined by 

Gp'^ = max{M G [0, 1] I Hf^{t) > -(A, a't) for all i G [0, u], i G /}. 

7 Relations among Demazure crystals, Bo(A) and 

B(A)el 
7.1 Demazure crystals 

For a C/q (5)-crystal B and a subset C C we define a subset FiC of B for i £ I 

by 

J-.C = {/f5|6GC,fc>0}\{0}, 

and for a sequence i : ii, 12, . . . , im of elements of /, we define !FiC by 

J'iC J~ [-^ J~ 12 ' ' ' *F C 

For the notational convenience, we set T%C = C and J^ib = J^i{b} for b E B. 
Let A G P+, w G W, and w — Si-^ ■ ■ ■ Si^ a reduced expression. 

Proposition 7.1 ( 20J). The subset 

B.UA) = J'^u■■■,^^bA C B{A) 
is independent of the choice of the reduced expression. 

Definition 7.2. We call Z?^(A) the Demazure crystal associated with A and w. 
(Note that ^^^.(A) does not have a C/q (0)-crystal structure). 

Demazure crystals are known to have the following properties: 

Proposition 7.3 ( 20J). (i) For any i ef, we have ejS^(A) C BwiA-) U {0}. 
(ii) We have 

ch,^y^(A)= J2 e{wt{b)). 

beB„(A) 



Lemma 7.4. (i) For any i £ L and w G W , we have 
FBM = 



Bs^w{A) ifsiW>w, 
Bw{-A) if SiW < w. 



(ii) For an arbitrary sequence i : ii, . . . ,im of elements of L, there exists some 
w such that Fib a = Sui(A). 
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Proof. If SiW > w, (i) follows by definition. If SiW < w, then w has a reduced 
expression in the form w — SiSj-^ ■ ■ ■ Sj^ by the exchange condition ([191 Lemma 
3.11]), and hence (i) follows since 

The assertion (ii) can be shown inductively from (i). □ 

Proposition 7.5. Let J be a proper subset of I , and i : zi, . . . , a sequence 
of I . We assume that there exists some 1 < m' < m such that ik (z J for all 
1 < k < m' and s^^ • • • Si^, is a reduced expression of the longest element of Wj . 

Then there exists some element w &W satisfying 

J-ib\ = S^(A), and {wA^a)') < for all i ^ J. 

Moreover, this Demazure crystal Bw (A) satisfies 

f,B^{A) C B^{A) U {0} for all ie J. (7.1) 

Proof. It suffices to show that there exists w satisfying 

J^i^A = Su,(A), and SiW < w for all i E J. (7-2) 

Indeed if this is true, since SiW < w if and only if w~^ai is a negative root of A 
(O Lemma 3.11]), it follows that 

{wA, at) = (A, w-'^at) < for i G J, 

and (|7.ip also follows from Lemma [7.41 (i). We shall show by the descending 
induction on k that there exists an element E W for each 1 < fc < m' + 1 
satisfying the following two conditions: J-i^,...,i^bA = Bwi^(A) holds, and Wk has 
a reduced expression in the form 

Wk = Sif^ ■ ■■ Si^, Sj^ ■ ■ ■ s-ji, for some I £ Z>o, ji, . .. ,je e I. 

Since w — wi satisfies (17. 2p . this completes the proof. The assertion for k = m' + 
1 follows from Lemma |7.4I fii) since the second condition is trivial in this case. 
Assume k < m' . By the induction hypothesis, Wk+i has a reduced expression 
in the form Wk+i = Si^+i • • • Si,„,Sji • • • Sj^. If Si^Wk+i > Wk+i, Wk = Si^Wk+i 
obviously satisfies the required conditions since we have 

J'ik,...A,n^A — J'ik^wk + ii^) — ^Sij^tOfc + i (A) 

by Lemma 17.41 (i). Assume that Si^^Wk+i < Wfe+i- Then by the exchange 
condition, there exists some k + 1 < p < m' such that 

or there exists some I < q < £ such that 

However the first case cannot occur since • • • s,; , is reduced, and hence the 
second case occurs. Then 

Wk+l — •Sifc'5ifc + i • ■ • ^i^i^ji ■ ' ■ ^jq-l^jq+l ' ■ ' ^jl 

is a reduced expression of Wk+i- Since we have from Lemma 17.41 (i) that 

-^^.....,^„>A - J-»,S»,+,(A) = B^,^,iA), 

Wk = Wk+1 satisfies the required conditions, and the assertion is proved. □ 
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7.2 Demazure crystal decomposition of b\ ® Bo(A) 

Throughout the rest of this section, we assume that A G \ Z(5, A G and 
a sequence of real numbers CT:0 = CTo<---<crAr = lis sufficiently fine for A. 
Denote by Ia the proper subset of / defined by 

/A = {^G/| (A,a,^) -0}. 

This subsection is devoted to show the following proposition. The proof is 
carried out in the similar line as PH Proposition 12]. 

Proposition 7.6. For each ttq G IBo(-^)^; there exists some G W such that 
the image of a subset 6a ®Bo(A) of B{h) ®'E>f){X) under the isomorphism given 
in CoroUaru \6.8\ coincides with the disjoint union of the Demazure crystals 

7roeBo(A)A 

Moreover, each w-^g satisfies (^Wttq (A + 7ro(l)) , < for all i G I\. 

Lemma 7.7. Let < u < 1 be a real number, J a subset of I , and n G Bo(A) 
a path satisfying for all i E J that 

H^{t) > -(A,a,'^) for all t G [0,u] and H^{u) = -(A, a,''). (7.3) 

(i) For i G J such that fi{n\ * n) ^ 0, we have 

/((tta * tt) — tta * fiTT and fi7T{t) — Tr{t) for all t G [0, u\. 

(ii) For a sequence ii, . . . ,is of elements of J such that fi^ ■ ■ ■ fi^ (tta * tt) 7^ 0, 
we have 

/ii ■ • ■ ftk (tta * tt) = tta * (/ii • • • /jfcTr) and ft^ ■ ■ ■ fi^Tr{t) = 7r(i) for all t G [0, u]. 

Proof. It suffices to show (i) only since (ii) can be proved inductively from this. 
We have from ((??T|) and ([7^ that 

^,(^a) = (A, at) and e,{n) = -m^ > (A, o>l). 

Hence /i(7rA * tt) = tta * /^tt follows by (15.31) . From Lemma lOl (ii) and (|7.3p . 
fiTT{t) — 7r(t) follows for all t G [0, u], and (i) is proved. □ 

For each ttq G Bo(A)'^, we define a sequence 1,^ of elements of / as follows. 
For <p < TV - 1, set 

Note that Jp is a proper subset by Lemma [^751 and hence Wjp is finite. When 
JP ^ 0, fix a sequence : i^, . . . , i^^^ of elements of JP so that s^p . . . s^p^ 

is a reduced expression of the longest element of Wjp . When J^" = we set 
V — 0. Then a sequence i^o is defined by i°, i^, . . . , The following lemma 

is essential for the proof of Proposition 17.61 
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Lemma 7.8. For tto £ Bo(A)^, we have 

C{nA * TTo) n (tta * Bo(A)) = (tta * ttq). 

Proof. For < p < iV, set i^^ = F, . . . , i^^^ and 

Bo(A)P = {tt G Bo (A) I 7r(t) = 7ro(t) for all t G [0,ap]}. 

We shall show by the descending induction on p that 

C{nA * vTo) n (tta * Bo(A)P) = J"i>p(7rA * tto), 

which for p = is the assertion of the lemma, li p = N, there is nothing to 
prove. Assume p < N. Since 

TTA *Bo(A)''+i D J'i>p+i(7rA *^o) 

follows by the induction hypothesis, in order to show the containment D it 
suffices to show that 

TTA * Bo(Af D J-ip(7rA * Bo(Af+^). 

Let TT e Bo(A)P+i. Since H^{t) ^ Hj"{t) for ah t e [0,crp+i] and z G /, we have 
for all i e ,P that 

H^{t)>-{A,a)') for alH e [0,(7p] and iJ7(crp) = -(A, a^). 

Hence for any sequence ii, . . . ,is of elements of satisfying fi^ ■ ■ ■ fi, (tta * tt) ^ 
0, we have from Lemma 17.71 fii) that 

/ji • • • fi. (t^a * tt) = tta * (/ii ■■■fi, tt) 

and 

fii ■ ■■fis^{t) = ^(0 = ^o(0 for all i e [0,CTp], 

which implies tta * Bo(A)p 3 J'ip{TTA * tt) as required. The containment 15 is 
proved. 

Now we show the opposite containment C. Suppose that vr e Bo(A)^ satisfies 
TTA * TT G C{Tr\ * TTo), and define pq G {1, . . . , A^} by an integer satisfying 

CTpo = max{w G [0, 1] | H^{t) > -(A, a,) for all t G [0, u],i G /}. 

Note that po > p since tt G Bo(A)p. Since there exists a sequence ji, . . . , of 
elements of / such that 

^Jl ■ ■ ■ ^Ji ("^A * tt) = TTA * (e^i • • • gj^Tr) = TTA * TTo, 

we have from Lemma l6.ll (ii) that Tro{t) = 7r(i) for all t G [0, o-pn]. Hence 
TT G Bo(A)^''' follows. If Po > P, we have from the induction hypothesis that 

TTA * TT G C{tTA * TTo) Pi (vTA * Bo(A)P°) C J"i>po (tTA * TTo) C J"i>p(7rA * TTo). 

Assume that po — p. Then by Lemma [6791 there exists tt' G Bo (A) such that 

TTA * ^' e {g,, • • • (^A * ^) I s > 0, ifc G JP} \ {0} (7.4) 
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and p'q > p, where p'q is the integer satisfying 

ap'^ = max{-it e [0, 1] | Hf{t) > -(A, a^) for ah t e [0, u],i e /}. 
Similar argument as above shows that tt' G Bo(A)'' , and then 

TTA * Tt' e TTa * Bo(A)P C J".>p, (tTA * TTo) C J'i>p(7rA * TTo) 

fonows by the induction hypothesis. By Proposition 17.51 and C{Tr\ * ttq) = 
B{A + 7ro(l)), we have for aU i e Jp that 

/,;J'i>p(7rA * TTo) C J'i>p(7rA * TTo) U {0}. 

Hence we have from (j7.4p that 

TTA * TT e {/ii • • • fi^{nA *n')\ s>0, ik £ J^} \ {0} C Ji>p(7rA * ttq), 
and the containment C is proved. □ 

Proof of Proposition \775{ For ttq G Bo(A)^, Lemma [7.81 imphes that the image 
of C{b\ ® ttq) n (6a ® Bo(A)) under the isomorphism given in CoroUarv 16.81 is 

J-i^^6A+7ro(i)- By Proposition 17.51 there exists an element w^^, G W satisfying 

•^i,o&A+^o(i) = ■^«'xo(A + 7^0(1)), and 

(w^^ (A + 7ro(l)) , a^) < for all i G J° /a- 
Now the proposition follows since we have 

6a®Bo(A)= Y[ C'(5A®7ro)n(6A®Bo(A)). 

7roeBo(A)A 

□ 

7.3 Demazure crystal decomposition of 6a ® B(A)ci 
First we make an elementary remark on crystals: 

Remark 7.9. Let i3 be a ?7g(5)-crystal with a weight map wt: B — > P. Then 
we can regard B naturally as a J7^(g)- crystal by replacing the weight map with 

clo wt: B ^ Pel- 

Similarly as Bo(A)^, we define M{X)^^ by 

B(A)^i = {77 gB(A)ci I (?7(t),a^) > -(A,^^ for alH G [0,l],i G /}. 
It is easily checked that 

Bo(A)^= II cl-i(77o)nBo(A). (7.5) 

Similarly as a I7g(g)-crystal, for a C/^(5)-crystal B and an element 6 G S we 
denote by C(6) the connected component of B containing b. 



39 



Lemma 7.10. Let t^o e B(A)^i. T/ien /or any ttq G cP^Tyo) n Bo(A) C Bo(A)^, 
the map id (8) cl: B{A) (g) Bo(A) I3{A) (g) B(A)ci induces an isomorphism of 
Ug{g)- crystals from C{bf^ ® ttq) to C(bA (8) 770)- 

Proof. By the definition of cl: P — ;> Pd in Subsection 15.21 we can see tfiat 
id 8) cl preserves Pd-weiglits, (pi, and commutes witli root operators. Hence 
it suffices to show that the induced map is bijective. The surjectivity is obvious. 
Let us show the injectivity. Let b(^r] S C{bA'Sir]o) with b G B{A) and rj G B(A)ci, 
and take tti, 7r2 G Bp (A) such that 

b^Tij G C(6a ® ttq) and cl(7rj) = 77 

for j ~ 1,2. By Lemma [5.151 (i), there exists /c G Z such that 7r2 = tti + TTkdxS- 
By C(6a (8) ttq) = S(A + 7ro(l)), there exists a sequence ii, . . . , is of elements 
of / such that Ci^ - ■ ■ e^^ (fo (8 tti) = &a 8) ttq, and then it is easily seen (cf. [511 
Lemma 3.3.1]) that 

eii • • • {b 8) 7r2) = • • • e^^ (6 8) (tti + ttm^^)) = 6a 8) (ttq + TTfed^^). 

Hence &a 8) (ttq + TTkdxs) G C(&a 8) ttq), which together with (j5.5p implies k — Q. 
Therefore we have tti —1^2, and the injectivity follows. □ 

Recall that we have 

B(A)®Bo(A)= C(6A®7ro) 

7roeBo(A)A 

by Proposition 16.71 Applying id 8) cl to this, we have from (|7.5p that 

B(A)8)B(A)ci = C(6a®?7o). (7.6) 

';oeB(A)A 

For each 770 G B(A)^i, fix an arbitrary tt'"' G cn"^(r/o)nBo(A). Then the following 
proposition is obtained: 

Proposition 7.11. (i) We have 

S(A)(8B(A)ci ^ S(A + 7r"«(l)) 

'?oeB(A)A 

as U'^(q)- crystals, where the given isomorphism maps each b\®7]Q G 6a8'B(A)^j 
to &A+.,o(i) GB(A + 7r''°(l)). 

(ii) Under the isomorphism given in (i), the image of the subset b\ 8" B(A)ci 
coincides with the disjoint union of Demazure crystals 

W B^^^ (A + (1)) for some w^, G W. 

Moreover each Wr/o satisfies (^Wj^gi^A + tt''" (1)) , < for all i G Ia- 

Proof. The assertion (i) follows from (j7.6p since for each 770 G B(A)^[, we have 
from Lemma 17.101 and Corollary 16.81 that 

C(6a ® Vo) = C{bA (8 tt"") = B{A + (1)) 

as [/^(5)-crystals. The assertion (ii) also follows from these isomorphisms and 
Proposition 17.61 □ 
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8 Study on the decomposition of 6ao <K)B(A)ci 

8.1 Preliminaries about the weight sum of ]B(A)ci 

In the previous section, we have seen that 5a(X)B(A)ci coincides with the disjoint 
union of some Demazure crystals. In this section, we study in more detail this 
result with A = Aq. 

First we prepare some notation. Let A e and w (1 W he elements 
satisfying wA — wqX + £Aq + mS for some A G P+,i G Z>o,to G Z. Then we 
use the following notation which is compatible with that of modules: 

Note that we have from Proposition [731 (h) that 

ch^^V{£,X)[m] = e(wt(&)). 

beB{e,X)[m] 

Let A G P+ and tjq G B(A)^j°. Then Tr^„ G cP^r^o) nBo(A) follows (tt^q is 
defined in Subsection 15. 3p . Hence from Proposition 17.111 we obtain an isomor- 
phism 

k: S(Ao)<8B(A)ci ^ B(Ao + 7r,,„(l)) 

of [/^(g)-crystals which satisfies k(6a„ (g) ?7o) ~ ^Ao+ir„o(i) foi" Vo G 
Lemma 8.1. For each rj G B(A)ci, we have 

wt o k(6ao ® ?]) = wt(7r,,) + Ao = wtp(77) + Aq. 

Proof. The second equality follows from the definition of the P-weight of rj. 
Let us show the first one. By (j7.6p . there exists some ryo G 18(A)^j° such that 
&Ao C'(&A|3 (gi rjo). Recall that k is defined by the composition 

C(&Ao ®'?o) ^ C{bA„ KiTT^o) ^ i3(Ao +7r^o(l)), 

and the second isomorphism is of C/<j(g)-crystals. Hence it suffices to show that 
the first one, which we denote by k' here, satisfies k'(6ao ® ??) = ^Aq ® ""r;- Let 
ii, . . . , «fc be a sequence of elements of / such that 

/»i • ■ • (&Ao ® '7o) = &Ao ® • • • h^m) ^ &Ao ^Z- 

We show K'{bAg (^r/) — 6ao tt,, by induction on k. If fc = 0, there is nothing to 
prove. Assume fc > 0. By the induction hypothesis, 77' = fi^' ■ ■ fi^Vo satisfies 
k'(6ao ® v') — ^Ao ® TT^'- Note that Si^{r]') > 5i^o follows since fii{bAo v') = 
&Ao "X* /ii?]'- Hence we have from Lemma [5. 181 that 

k'(6ao (8) ?7) = (6ao <8> ??')) = /n (^Ao ® TT^') = 6ao ® ^r,, 

as required. □ 

By Proposition 17.111 (ii). k(6ao B(A)ci) is the disjoint union of some De- 
mazure crystals in the form Bw (A') with A' G P+ of level 1 and w W satisfying 
{wA',a^) < for all i G /, which can be written as B{l,ii)[n] for some /i G P+ 
and n G Z. In conclusion, we have the following: 
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Proposition 8.2. Let X G P+. Then there exist sequences fix, . . . , fi£ G P+ and 

ni, G Z such that 

k(5a„ ®B(A)ci) = [J B{l,fij)[nj]. 

Moreover we have wt o k(6ao 'S^ rj) — wtp(7/) + Aq /or a// 77 G B(A)ci- 
Corollary 8.3. 

If g is simply laced, /ij's and n^'s in Corollarv l8.3l are easily determined from 
a result in [TU] : 

Proposition 8.4. // g is simply laced, then we have 

J2 e(wtp(77)) =ch^,P(l,A)[0]. 

Proof. From [TUl Proposition 3], we have K(b\g (g)B(A)ci) = A)[77] for some 
71 G Z. Since Tr^^^;^) = ttx follows by definition, we have 

wt o k(6ao Vc\{X}) = A + Aq. 
Hence B{1, X)[n] contains an element of weight A + Aq, which forces n ^ Q. □ 

The decomposition being more complicated when g is non-simply laced, it 
is hard to determine /ij 's and rij's by straightforward calculations for general A. 
In the fundamental weight case, however, the following proposition is obtained 
using a result in [53] and Theorem 15.131 

Proposition 8.5. For general g and each i d I , we have 
E e(wtp(r,)) =chf„2?(l,^i7,)[0]. 

Proof. Since M{wi)ci is isomorphic to B(Wq{'cui)) by Theorem l5.13l fii). k(6ao 
M{wi)c\) = B{l,'UJi)[n] follows for some n G Z by [531, Corollary 4.8]. The rest 
of the proof is the same as that of Proposition 18.41 □ 

Corollary 8.6. // A = J2iei ^i^i ^ P+' then we have 

J2 e(powt(r;)) - J];chf,2?(l,tn,)^', 

j;eB(A)ci iei 

where p denotes the canonical projection Pd P. 
Proof. From the above proposition, we have 

e(powt(7?)) = ch|,X'(l,ix7i) 

r)GB(CTi)ci 

for each i € I. Then the assertion follows since B(A)ci = ^i^i^i'^i)fi^^ by 
Theorem [54^ m. □ 

From the next subsection, we begin to determine /i^'s and n^'s in the non- 
simply laced case using Demazure crystals for Uq(ff^^). 
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8.2 Path models for Ugiff"^) 

In the rest of this section we assume that g is non-simply laced, and apply the 
theory of path models for Uq(g^^). Here we fix some notation used throughout 
the rest of this section. 

Let 9^^ be the highest root in A''^ and afj^ — 6 — 6^^ G A, which corresponds 
to a simple root of g^'V Note that {afy = rK - {O^'^y . Let sfl' G W denote 
the reflection associated with af^, and W^^ the subgroup of W generated by 
{sf} U{s,\ie P"^}. Set P"^ = {0} U /"h, and 

Note that sf acts on P^^ by sf{v) = v-{v, {afy)o?^ for v G P"'S and Si for 
i G P^ also acts similarly. 

Let P'^'^ be the set of paths with weights in P^^\ and define Pf^^ similarly 
as Pint- As described in Subsection 15.11 root operators associated with i G P^ 
are defined on Pj^j using the above actions of simple reflections. To distinguish 
them from and /i, we denote them by e^^ and ff^ (i G P"^). The maps 
wt: P?^^ P^^ and e^, lp^■. Pf^^ ^ Z>o for i G P^ are defined similarly. Then 
Theorem 15.21 implies the following: 

Proposition 8.7. Let B C Pf^^ be a subset such that ef B C B U {0} and 
/f^B C 1 U {0} for all i G /"'V T/ien B, together with the root operators if, ff^ 
for i G P^ and the maps wt, ei,(pi for i G P^, becomes a Uq(Q^^)- crystal. 

Denote by Hp"" : [0, 1] ^ R and mf'" G M for vr G P"^ and i G P^ the 
counterparts of and respectively. For v G P^^\ let tt^ G Pf^^ denote 
the straight line path: 7rj,(t) = iz^, and W^{y) C Pj^^ the connected component 
containing tt^, which is a t/q(g'^'^)-crystal. Since g'^'^ is simply laced, Proposition 
18.41 and Remark 15.171 implv the following lemma: 

Lemma 8.8. Let v G P+. Then we have 

8.3 Identity on the weight sum of B(A)ci 

This subsection is devoted to the proof of the following proposition: 
Proposition 8.9. Let A G P+, and set X' — X — ish{X). Then we have 

e(wtp(r,)) = e(A')zshch„.. P^'^ ( 1 , A) [0] . 

r,6B(A),i 
wtp(j7)eA-Qf +Z5 

Remark 8.10. In the final part of this article, we shall prove that 
ch^,M/(A)= e(wtp(r;)), 

J7GB(A)d 

which is compatible with the above proposition. Lemma 14.171 and 12.31 
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First we prepare a technical lemma: 

Lemma 8.11. There exist t £ W and j G P'^ satisfying the following two 
conditions: 

(i) T{aj) = af^, 

(ii) T has an expression t — Si-^ . . . Si^^ satisfying for all 1 < L < M that 

Si,... Sr^^, {a^^ ) ^ {a + M I a e A^*^, k e Z}. (8.1) 

Proof. For each type of g, we give t € W with its expression and j G as 
follows, where we use the numbering of elements of / in [191 §4]: 

o Type Bi: Let r = Sf_iSf_2 ■ • • S2S0S1S2 ■ ■ ■ si-i and j — £. 
In this case, af^ = ao + ai + 2a2 + 2a3 + • • • + 2ae^i + a^. 

o Type Cg: Let r = siSi^i ■ ■ ■ siSq and j — 1. 
In this case, afj^ = ao + ai + ■ • ■ + . 

o Type F4: Let r = S2S3S1S2S3S4S0S1S2 and j = 3. 
In this case, afj^ = ao + 2ai + 3a2 + Saa + Q!4. 

Type G2' Let r = siS2SoSi and j — 2. 
In this case, = ao + 2ai + 2a2. 

Though it is a little troublesome work, we can check directly that these elements 
actually satisfy the conditions (for informations of root systems, see Ch. VI. 
§4] for example). Note that if a^j^ is a long root, the condition (jS.ip is trivial 
since the right hand side consists of short roots. Using this fact, we can reduce 
a bit the amount of calculations. □ 

Now let us begin the proof of the proposition. Denote by iry the straight 
line path: T:y{t) = ^A'. For tt e Bo''(A), define maps ishM ■ [0, 1] ^ R ®z P by 
ish(^)(t) =ish(^(t)), and (^(tt) : [0,1] ^R®zPby 

</5(7r) = «sh(7r) + TTA'. 

The following lemma is essential for the proof of the above proposition. 

Lemma 8.12. We have (p{7T) e Bo(A) for all tt e 18^^(1). 

It is easily seen that (p{ttj) = tt\ ^ Bo (A). Hence by the definition of Bq^(A), 
in order to prove this lemma it suffices to show the following: 

Lemma 8.13. Assume that tt G Bq^(A) satisfies (p{7r) G Bo(A). Then for each 

1 G P^ , the following statements hold. 

(i) //ef TT 7^ 0, then (piefn) G Bo(A). 

(ii) // /f'V ^ 0, then ipiff^TT) G Bo (A). 

Proof. Since the proof of (ii) is similar, we shall only prove (i). 

Claim 1. For w G W^'^ and v G P^^, we have ishiwv) — wishii^)- 

It suffices to show the claim for w = Si {i G P^) and w — Sq\ Let i G P^. 
Since G i}^^, we have {v, a^) = {ish{v), c^i), which together with ish(aj) — on 
implies is\i{siv) — Siis\i{v). The claim for w = sfj^ is proved similarly. 

Claim 2. We have ishief^Tr) = ei?sh(7r) for i G P^^ (though ish(7r) may not 
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belong to Pint, e-iishi'^) is defined in the same way as in Subsection 15. ip . 
It follows that 

= (j,h(7r(t)),ar) = (7rW,ar) = '"W for all t e [0, 1]. 
Then the claim follows from the definition of the root operators and Claim 1 . 

Claim 3. If i e then (i) follows. 

Since (A',a,^) = follows, we have Hl^''''''\t) = iy;=>'(^)+^A' ^ Yiom. this and 
the definition of e^, we can check that 

eiish(7r) + TTA' = ei(ish(7r) + tta') = e^Lpi-n). 

Now the claim follows since we have from Claim 2 that 

V3(ef tt) = ish(ef tt) + tta' = g»ish(7r) + ttx- = SMn) £ Bo(A). 

It remains to show the case i = 0. Let (i^i, . . . , vn]3) be an expression of tt, 
where Vi e W^'^'^A. For each 1 < fc < iV, there exist Wk G W^^ and p/j e Z such 
that z/fc = WkX + PkS by (|5.6p . 

Claim 4. We have ip{TT) = (wi A + piS, . . . , w^vA + PNS;g_). 
For each 1 < fc < iV, we have from Claim 1 that 

ish(wfeA+pfcJ) + A' = WkishW + PkS + X' = Wfc(ish(A) + A') +Pfc5 = WkX+pkS, 

which implies the claim. 

We set ^fc = WkX +pk6 for 1 < fc < iV. Put 

h = min{i e [0, 1] I fff '"(t) = m^'^'"}, 

to = max{i e [0,ti] I '"(t) = m^'^'" + 1}. 

By replacing a if necessary, we assume that to,ti G {ao, ■ ■ ■ ,<Jn}- Let (jo, 9i S 
{0, ...,iV} be the integers such that aqg — to and dq^ = ti. Then by the 
definition of and the expression, we have 

'^sti / sli sh \ 

Cq TT = {Vi, . . . , l^go, Sq 1^50 + 1' • ■ • , ^qi^'^qi+l^ • ■ • : T^N]g_). 

Since Zsh(so''^fc) + A' = s5''(zsh(t^fe) + A') = SoVfe, we also have 

'/'(ef'T) = (^i,...,^,o,So''/i,o+i,...,So''/i,,,^,,+i,...,^Ar;o:). (8.2) 

Assume t ^ W , its expression t = s^^ • ■ • s^^^j and j G satisfy the conditions 
in Lemma fS. 11 1 In the sequel, we denote by wn' for w G W and tt' G P the path 
defined by wk'^L) ~ w(7r'(i)). 

Claim 5. We have 
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(the action S^-i is defined in Theorem 15. 4p . 

Set tl — Si^ ■ ■ ■ ioi I < L < M and tq = id. We shall show by induction 
on L that 

The case L = is trivial. Assume L > I and S^-i fin) ~ T^^^i^ijx). By the 

condition (h), r^^iai^ — fi ^ lb follows for some /3 G A \ A**'' and £ G Z, and 
we have for each 1 < A; < that 

(r-!iMfc,0 = (A,^,7Vl-iO = (A, ^7^/3)^). (8.3) 

By Lemma [221 if /? G A+ \ A^ we have w^T^/? G A+ for aU 1 < A: < iV, which 
implies the right hand side of (18.31) is nonnegative for all k. On the other hand 
if /3 G A_ \ Af*^, we have w^^f3 G A_ and hence it is nonpositive for all k. 

Therefore the function ~ is non-decreasing or non-increasing, and then 
Lemma 15.51 completes the proof of the assertion. The claim is proved. 

Now the assertion (i) follows from the following claim: 

Claim 6. We have ifiefn) = S'^gj5^-i(^(7r) G Bo(A). 

Since (pin) — ish(vr) + ny and (A', {af^Y) — 0, we have from the condition 
(i) that 

= (nit), (atr) = fff '-(t) for all t G [0, 1], 

which implies mj '^^^'^ = m^f^'^ . Then it follows that 

min{t G [0, 1] I Hf'''^^'^ = mj^''^^"^} =h= a,, and 
max{t G [0,h] I = m;"^('^) + 1} - to - a,,. 

Hence by Claim 5 and the definition of the root operator, we have 

ejSr-iifiiTT) = ej(r~Vi, • ■ • ,t"Vjv;o:) 

= (r" Vi, • • ■ , ■^^Vgo' Sj'^" V90 + I1 • • • I Sj'T^ V91 , ■^"Vgi+i; • ■ • , 'r~'^t^N]g.) 

where the last equality follows from the condition (i). Then similarly as the 
proof of Claim 5, it is proved that 

which is equal to lp{(?^'k) by (|8.2p . □ 
By Lemma [5751 we have 

^ e(wt(^)) =ch^..P^h(^j)[Q]^ 

7reB^''(A) 
t(7r)eP 
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Since wt(iy9(7r)) — ish(7'')(l) + A' = ish(wt(7r)) + A', this equality implies that 
e(wt(^(7r))) = e(A')^«hC^=. A)[0]. 

7rGB=''(A) 
t(7r)GP 

On the other hand, we have from Remark |5 . 1 71 that 

e(wtp(77)) = J2 e(wt(7r')). 

?)eB(A)ci 7r'eBo(A) 
i.(7i-')GP 

Hence we see that the following lemma, together with the above equalities, gives 
the proof of Proposition [8]9j 



Lemma 8.14. The map ip induces a bijection 

{n e Mf(X) I l{tt) eP}^ {n £ Bo(A) | i(7r') e P, wt{n') £ A - Qf + ZS}. 

Proof. It is seen from Lemma 18.121 that the image of the left hand side is con- 
tained in the right hand side, and the injectivity is obvious. Hence it suffices to 
show that these sets have the same number of elements. We have from Remark 
[STfl that {tt' G ]Bo(A) I L{Tr') G P} = {n^ \ rj € B(A)ci}, which implies 

#{7r' e Bo (A) I l{tt') E P, wt(7r') e A - Qf + ZS} 

= #{r; £ B(A)ci | wt(?7) £ cl(A - Qf)}. 

Write A = J2iei ^i'^i- Corollarv 18.61 we have 

Y e(p o wt(r,)) = P^_Q.^ n ch^ 2?(1, 

)7eB(A)^i is/ 
wt(r))fEcl(A-Qf ) 

where p : Pel ^ P is the canonical projection, and then 

Y e(powt(77)) = J](p„,_Q^.c^P(l,tu,))^" 

7)eB(A)ci iei 

wt(j;)Gcl(A-Qf ) 

follows since wt(,X'(l, tUi) C njj — Q^. We have from Lemma [4 . 2 II that 

P^._Q=hch(, 2?(1, Wi) = e{wi - ish(^i))ishch(,sh V'''^{r,Wi), 
and from Lemma 13.81 that 



dimX>"^(r,roi) = 



^ ^ J dim Vj,ah(n7i) if i £ P"^, 
1 if i /"^^. 



From these equations, we can see that 

#{7r' £ Bo (A) I l{ti') £ P, wt(7r') £ A - Qf + Z5] ^ J| dim Vgsh(ro,)^\ 
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On the other hand, it follows that 

#{^ e IB^'^(A) I i(7r) eP} = diniP^'^(l, A) 

= Yl dhTiX'"'^(l,roi)^' = n diniVg=h(roi)^' 

where the first equality follows from Lemma [5751 the second one follows from [HI 
Theorem 1], and the last one follows from Lemma [3.81 Hence it is proved that 
the two sets have the same number of elements. The lemma is proved. □ 

8.4 Lower bound for the weight sum of B(A)ci 

Let A G P+. Recall that, by Corollary [4T6l A)[0] has a Cflf -module 

filtration = Do C Di C • • • C Dfe = A)[0] such that 

Di/Di^i = 'D^^{r,i>i)[m,i] for some Ui S P+ and m,; G Z>o. 

On the other hand by Corollarv l8.3l there exist a sequence /ii, . . . , /i^ of elements 
of P-f and a sequence ni, . . . ,ni of integers such that 

»?eB(A),i i<j<e 
Now we can state the main result in this section: 

Proposition 8.15. Let X' = X — ish(A). Then there exists a subset S of 
{1, ■■■,£} such that 

{fj.j + nj6 I j G 5} = {{ishii^i) + A') + JUiS | 1 < i < fc} 

as multisets. 

Proof. Define a subset 5 of {1, . . . , ^} by 

S = {i<j<e\fijeX- Qf}. 

We shall prove that this S is the required subset. Let S'^ — {1, . . . ,£}\S. Since 
wtp i?(A)ci C X~ Q+ + Z6 by Lemma [??Til fh) . we have from (|57il) that 

^iJ G (A - Q+) \ (A - Qf) for aU j G S'. 
From this, it is easily seen that 

P\-Qf+zscH^ 2^(1, =0 if j G 5"=. 

On the other hand if j G S, we easily see from Lemma [4.211 that 

Px-Qf+zschd = e(/ij - isY,{jij))ishc\f V''^{r,Jij)[nj] 

= e{X')ishc\f V''^{r,Jlj)[nj]. 

Hence by applying P\-q^''+Zi5 to (|8.4p and using Proposition (STU we obtain 
e(A')ishch^=i. A)[0] = e{X')Y,isi.c\f V'''{r,-p^)[n,]. 
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Note that we have 

ch(,jhP^h(l,A)[0] = ^ ch(,=hl?"'^(r,zy,)[m,]. 

l<i<fe 

Hence by the hnearly independence of the characters of lever r Demazure mod- 
ules, it follows that {jlj + njS \ j G S} = {vi + rmd | 1 < i < A:} as multisets. 
Since each belongs to A — Q^^, the proposition is proved. □ 

Corollary 8.16. Let A G P+, and set \' — \ — is\x{\). Then we have 
^ e(wtp(?7)) 

> (2?''^(1,A)[0] :I?^^r,j.)H)chh,P(l,«shM+A')H- 

9 Main theorems and corollaries 

In order to prove our main theorems, we need the following lemma: 
Lemma 9.1. For A G P+, we have 

dimM/(A) > #B(A)ci. 
Proof. Write X — ^^^j XiWi. The inequality follows since 

diml¥(A) >\{dixnV{l,m,f^ = #B(ti7,),^' = #B(A)ei, 

where the first inequality follows from Lemma [3.111 (11). the second equality from 
Proposition [531 and the third one from Theorem 15. 131 fiV □ 

Now we state the main theorems in this article. 

Theorem 9.2. For A e P+, we have 

ch,,T4^(A)= eHp(77)). 

Moreover, the both sides of this equality are equal to ch|,^ ^^(l, A)[0] if Q is simply 
laced, and are equal to 

Y (P^^1,A)[0] :P^\r,,.)H)cH.2?(l,»shH + A')H 
if g is non-simply laced, where we set A' = A — Zsh(A). 

Proof. If is simply laced, the assertion follows from Theorem 13 . 71 and Propo- 
sition 18.41 If is non-simply laced, it follows from Corollary I4.20[ 18.161 and 
Lemma 19.11 □ 
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Let A G P+. When g is non-simply laced, the Demazure module A)[0] 
has a Cfll'^-module ffltration = C Di C • • • C D^, = ©"'^(l, A)[0] such that 

Di/Di^i = 2?*''^(r, i^i)[mi] for some vi G P+ and nii £ Z>o 

by Corollary 14. 161 Then for each 1 < i < fc, we set /i^ — ish{vi) + (A — ish(A)). 
When Q is simply laced, we set k — 1, ^li — X and mi = 0. Now we obtain the 
following result on the structure of the Weyl module Vl^(A): 

Theorem 9.3. The Weyl module W{X) has a Cgd-module filtration — Wq C 
Wi C • ■ • C Wk = Vl^(A) such that each subquotient Wi/Wi-i is isomorphic to 
the Demazure module /ii)[TOj] . 

Proof. The assertion for simply laced q is just Theorem 13.71 Proposition 14.181 
together with Theorem 19.21 implies the assertion for non-simply laced g. □ 

Next we state the following theorem about the crystal B(A)ci: 

Theorem 9.4. There exists an isomorphism 

K:i3(Ao)®B(A)ei^ S(Ao + 7r,„(l)) 

of Uq(Q)-crystals whose restriction to 6ao ®B(A)ci preserves the P-weights, and 
we have 

k(6ao ®B(A)ci) = [] B(l,/i,)K]. 

l<i<k 

Proof. This follows from Proposition 18.21 and Theorem l9.2l □ 

Next we introduce some corollaries of our main theorems. The following 
corollary was previously shown for s[„ in [3], and for simply laced g in |10] : 

Corollary 9.5. Let Xe P+. 

(i) If X = th^'^ 

dimly (A) = J|dimVF(t37,)^'. 
iei 

(ii) Let Xi, . . . , Xi G P+ be elements satisfying A = Ai + • • • + A^. Then for 
arbitrary pairwise distinct complex numbers Ci, . . . ,C£, we have 

W{X) = W{Xi)a,*---*W{Xe)c, 

as CQd-modules. 

Proof. By Theorem 19.21 and Theorem 15.131 (i) , we have 

dimly (A) = #B(A)ci ^\l#M{w^)^{ - [] dim Ty(ti7,)^- . 

Hence the assertion (i) follows. By the same way as [l]]] Lemma 5], we can 
show that there exists a surjective homomorphism from W{X) to W{Xi)ci * • ■ ■ * 
W{Xi)ci,. Since this is an isomorphism by (i), the assertion (ii) follows. □ 
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Before stating the next corollary, we prepare some notation. For a Cg^- 
module M and c G C, we set Mc = {u 6 M | d.v — cw}, which is obviously a 
0-module. For ^ e P+, we set 

[M:VM = Y,[M,:VMq^, 

cec 

where [Mc ■ V^bIm)] denotes the multiphcity of Vg(/i) in Mc- Let i = {ii,. . . ,ii) 
be a sequence of elements of /, and put 

Wi = Wgiru,,) ® • • • ® Wg{zu,,), Bi = B{Wg{m,J) (g) ■ ■ ■ (g) B{Wg{nj^,)). 

As stated in [331 §5,1], Wq{zui) is the Kirillov-Reshetikhin module Ws^^ (see 
[131 [13]) with s — 1. Hence for /i e P+, we can define the fermionic form 
M(Wi,/z,q) and the classically restricted one-dimensional sum X{Bi,^,q) as in 
[M] and [IS]. 

For i G I, let KR('n7i) denote the Kirillov-Reshetikhin module for Cgd asso- 
ciated with which was defined in [S] in terms of generators and relations. 
By comparing the defining relations, we can easily see that 

W{m,) = KR(w,). (9.1) 

Note that we have for each i G / that 

dimKR(tJ7i) = dimW{vJi) = #B(iJ7i)ci = dimWq{mi) 
by Theorem 19. 21 and l5. 131 (ii). Then this equality implies, as shown in [7], that 

M{W^,^i,q) = [KR(n7,Jci * • • • * KR(ti7,J,, : Fj,(M)]g-i 

for arbitrary pairwise distinct complex numbers ci, . . . , c^. Moreover by setting 
A — J2i<j<e'^ij J have from (|9.1|) and Corollary [93] (ii) that 

W{X) ^ KR{m,, )ci * • • • * KR(w, J,, . 

Hence we obtain the following equality: 

M{Wi,ti,q) = [W{X):V,{ti)]q-.. (9.2) 

In [33l Corollary 5.1.1], the authors showed that 

E ?°'=^^''^=9-^'^*^(^i,A*,g), (9.3) 

r,eB(A)d 
'?(l)=cl(p) 

where D?''* is a certain constant defined in [331 Subsection 4.1]. Combining 
these results with our theorems, we obtain the following corollary, which implies 
a special case of the so-called X — M conjecture (see [14l [13]): 

Corollary 9.6. Let A e i = (ii, . . . , ) be a sequence of elements of I such 
that A — X]i<j<£'^»3 '^"■'^ A* £ Then we have 

M{W,,li,q)=q-'''f''x{B,,y^,q) 

^[w{\)■.v,{^i}]q-^. 
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Proof. From (|9.2p and (|9.3p . it suffices to show the equahty 

[WiX):VM,-^^ E (9-4) 

77GB(A)ci 
'?(l)=cl(^t) 

We obviously have 

where we identify e((5) = q. On the other hand, since B(A)ci is isomorphic to the 
crystal basis of a finite-dimensional [/^(0)-module (in particular [/g(g)-module) 
and Cj , fj for j d I preserve the degree function, we can see that 

»)GB(A)ci i^e-P+ r;GB(A)ci 

')(l)=cl(i^) 

where we identify e{S) = q. Hence by Theorem l9.2l and the linearly independence 
of the characters of finite-dimensional irreducible g-modules, (19.41) is proved. □ 
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